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Vo, Vi, Vo Ounooonooooon

0o 2.1
i) [Vo,Vil = (¢ —p)Vi, [Vo, Vo] = (r — p) V.
(i) 00DDDOOOO fi(r,y,2)(j=0,1,2)000000

[VL ‘/—2] = fO(xaya Z)Vb + fl(xaya Z)Vi + fZ(xayaz)‘/Z-

3h22
gogoooon
(iii) oy

(iv) 0O00det(M)O 2200000000

g 220000 2100000000000000
{Ve,V1,Vo} 000000000000000O0O0O0O0O

Vo, V1,V 000 2100000det(M) 000000
O00000000000det(M)=000000000
gooboogoobooo
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0023 x,y,20000p,q,rUp<qg<rdbioog
O0O0o0obodo0p,q,r 00000000 DOD0ODOD0
Oo0oobooobooo

(i) 0O (p,q,7) # (2,3,4), (1,2,3), (1,3,5) 00000
O0000o00oo0oooooooo {(W,Wwkhtoood
Oo0od

(i) 0O (p,q,r) 0O (2,3,4), (1,2,3), (1,3,5) 0000
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(i.1) (p,¢,7) = (2,3,4)000 (000DDO 4,000
Dooooo)

Fa1 = 162%2 — 423y? — 1282222 + 144xy?z — 27y* +
25623,

Fao =225 — 322 + 1823y* — 18zy?2 + 27y* + 23

(i.2) (p,q,r) = (1,2,3)000 (00000 B, 00D
oooooo)

Fpi = z(a®y? — 4y® — 4232 + 18xyz — 272%).
Fpo=2(—2y3 + 4232 + 18zyz + 272?).
Fps=2(—2y* 4+ 9zyz + 452%).

Fp4 = 2(92%y* — 4y + 18zyz + 92?).
Fps=ay*+y3z + 2%

Fpe = 9zy* + 622y%2 — 4y32 + 2322 — 122y2” + 423,
Fpr = say* — 20%y%2 — 2 + 22322 + 2wy2? + 22



(i.3) (p,¢,7) = (1,3,5) 000 (00000 H,00DO
oooooo)

Fry = —5023 + (425 — 502%y) 2% + (427y + 60zty? +
225zy%)z — 182y5 — 1152°%y* — 102%y® — 4a%y2.

Fgo = 1002%y* + v® + 402%y?2 — 10xy32 + 42522 —
152%y22 + 23.

Fps = 8z3y* + 108y° — 36xy°2z — x?yz? + 423,

Fpa=v" —2xy’z + 2?y2? + 2°.

Fps=x3y* —y° + 3wy3z + 23

Fpe = 3yt +y° =22ty 2 — dayP 2+ 2522 + 32y 2% + 23

Fpr=xy’z +9° + 23.

Fpg = Byt +y° —8aty?z — Toy? 2+ 162522 + 1222y 2% +
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00240000000 Fuy,...,Fgs 000000
00000000 MOOOOO0O00(x1,x2,x30 2,4, 2
0oooooo)

MF_{A,1}

MF_{A,2}

MF_{B,1}

MF_{B,2}

MF_{B,3}

MF_{B,4}

MF_{B,5}

MF_{B,6}

MF_{B,7}

{{2*x1,3*x2, 4*x3},

{3%x2, -x1°2 + 4xx3, -1/2*x1*x2},

{4*x3, -1/2*x1*x2, 1/4*%(8*x1%x3 - 3*x2"2)}}
{{2*x1,3*%x2, 4*x3},

{3*x2, 1/2%(x3 - x172),6*x1*x2},

{4xx3, -2%x1*x2, 16*%x1°3 + 24%x2"2 - 8*xx1*x3}}

{{x1, 2*x2, 3%*x3},

{2*x2, x1*x2 + 3*x3, 2*x1*x3},

{3*x3, 2*x1*x3, x2*x3}}

{{x1, 2*x2, 3%*x3},

{2*%x2, -2/3*%(2*xx1%x2 - 9*x3), -4*x1*x3},
{3%x3, -2/3%(x2"2 + 3*x1*x3), -2*x2*x3}}
{{x1, 2*x2, 3%*x3},

{2*x2, -3/5*%(x1*x2 - 5%x3), -6/5*x1%*x3},
{3*x3, -3/5%x2"2, -6/5%x2*x3}}

{{x1, 2*x2, 3%*x3},

{2*%x2, 3(3*x1*x2 + x3), 6*x1*x3},

{3%x3, 0, -3*x2*x3}}

{{x1, 2*x2, 3%*x3},

{2*%x2, -24*x1*x2 + 2%x3, -2*x272 - 32*xx1%x3},
{3%x3, -9%x2"2, -12*x2*x3}}

{{x1, 2*x2, 3%*x3},

{2*x2, 3*x1*x2 + 5/2*%x3, 9/2*%x2"°2 + 15/2%x1*x3},
{3*%x3,3/4*%(15%x2"2 + x1*x3), 18*x2*x3}}

{{x1, 2*x2, 3%*x3},

{2*%x2, 1/3*%(-4*xx1%x2 + 7*x3), x2°2 - 14/3*x1*x3},
{3%x3, 3/2%(7*x2"2 - 6*x1*x3), 12*x2*x3}}



zsa
MF_{H,1}

MF_{H,2}

MF_{H,3}

MF_{H,4}

MF_{H,5}

MF_{H,6}

MF_{H,7}

MF_{H,8}

{{x1, 3*x2, 5%x3},
{3*x2, 2%x3 + 2xx172%x2, T*xx1*x27°2 + 2xx174*x2},
{6%x3, T*x1*x2"2 + 2*xx1~4%x2,

1/2%(15%x2°3 + 4*x1~4*x3 + 18*x1°3*x2"°2)}}
{{x1, 3*x2, 5%x3},
{3*x2, 36*x1°2*xx2 + 6*x3, 90*x1*x2°2 + 90*x1~2*xx3},
{6%x3, -10/3%(12%*x1"3 - 55%x2)*x1*x2,

-50/3%(6%x173%x272 - x27°3 + 6xx174*x3 - 18*x1*x2*x3)}}
{{x1, 3*x2, 5%x3},
{3*x2, 1/10*(x1°2*x2 + 2*xx3), 23/10*x1%x2"2 + 3/20*x1"2*x3},
{5*x3, B5*x1*x272, 15/2*x2(2*x2"°2 + x1*x3)}}
{{x1, 3*x2, 5%x3},
{3*x2, 1/5*%(-4*xx1"2*x2 + 6*x3), 2/5*x1*x2"°2 - 2*x172%x3},
{6%x3, -20/3*x1*x2°2,10/3*x2*%(x2"2 - 5*x1*x3)}}
{{x1, 3*x2, 5%x3},
{3%x2, -9/5%(4*xx1"2*x2 - x3), -3/5*%x1(9%x2"2 + 16*x1*x3)},
{5*x3, -15*x1*x272, -5*x2(x2"2 + 4*x1*x3)}}
{{x1, 3*x2, 5%x3},
{3*x2, -3/5*%(3*x1"2*x2 - 4*x3), -18/5*x1*(-x2"2 + 2*xx1*x3)7},
{6%x3, -5/3*x1*(-8%x2"2 + B*xx1*x3), 10/3*x2*%(2*x2"2 + x1*x3)}}
{{x1, 3*x2, 5%x3},
{3*x2, -3/5*%(2*xx1°2%x2 + x3), -3/5%x1(-x2"2 + 3*x1*x3)},
{6%x3, 10/3*x1*x2"2, -5/3*x2*(x2"2 - 3*x1*x3)1}}
{{x1, 3*x2, 5%x3},
{3%x2, -3/5%(24*xx1"2%x2 - T*x3), -9/5%x1(-3%x2"2 + 28*x1*x3)},
{6%x3, —-5/3*x1*x(7*x2"2 + 20*x1*x3), 5/3*x2*(7*x2°2 — 52*xx1*x3)}}
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(i) 00000000 f(z,y,2) (j=0,1,2) 000000
[‘/17%] = fU(xayaz)% + fl(xayaz)‘/l + f2(l',y,2)‘/2.

00220000221 0000000000000
{Ve,V1,Vo} 000000000000000O0O0O0O0O

Vo, V1,V 000 21’00000det(M)0000O0O0O
O0000000000O0det(M)=000000000
gbobobooooboo
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(0ooooooo)
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§6. DO 300000ODO0O
O00000000A3, By, Hs000000 [ST]O
No.24,N0.25,N0.26,No0.27
0000000000000000H;000000 [ST]
OO0 No2300O0O0000GOOOOOOOOODODOO
0o
oo0ooopP, P, ARO00000000G-0000000
DDDDDDDDij:degg(Pj)DDDDkl§k2§k3
gooooo
(k1, ko, k) D0 D 0O0OODODOOOOOO (K, K, E) OO
0o
PP PO000O0O z,2,xs 00 00O000ONO
GOOOOO zy,20,2s 00000000 Fe(xq,x2,23)
ogoooooooo
A3, B3, H; OO OOG-000 x1,20, 2300000000

Fwasy, Fw(ss), Fw ()
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O0000No0.25, No.260 0000 G-000 2, 29,230
00000000000 Fay,Fe, 0000

11



| group | OO ki ko ks | 000 |00 | (K, K, KY)

A, W(As) | 24| 2,3,4 |2° 12 (
B; W(Bs) | 48| 2,4,6 |2° 18 (
H, W(Hs)| 120| 2,6,10 |2 30 (
No.24 | Gsss | 336| 4,6,14 | 2% 42 (2,3,7
No.25 | Ggs | 648| 6,9,12 | 3% 36 (
No0.26 || Giags | 1296 | 6,12,18 | 2°3%* |54 (
No.27 || Gaigo | 2160 | 6,12,30 | 2% 90 (
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The discriminant of the group G5y, the Coxeter
group of type Hj;
The discriminant of the polynominal P(¢) defined by

1 1
P(t) =10+ yit® + yot® + yst + 2—0y§ — Vs

is gg up to a constant factor, where

g0 = 125y3y; + 864y5 — 1250y y3ys
—9000y13y5 + 31255742 + 25000y2y512 + 500003

The polynomial gy is regarded as the discriminant of the
group G-

13



(y17y27y3) — ($1,$2,$3)

y1 = —4n
Yo = 1023 — 25z,
ys = —4a} +50x2zy — 5013

Then gq coincides with the determinant of the matrix
M up to a constant factor, where M is defined by

T 3£U2 5£U3
M= 3z, 2z3+ 222, 72173 + 227,
Swy Tmial + 2xizy (1523 + 4otz + 18zx3)

We note that

125

P(—x,) = 1 Ly

The hypersurface defined as the zero set of the poly-
nomial
f[) =det M

is an example of logarithmic free divisors.
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Define vector fields Vg, Vi, Vs by

Vo O,
‘/1 =M a:vg
Vs Oy

Then we have
Vo, Vi] = 2W4, [Vi, Vo] = 4Va, [V, V] = (4adwy+202) Vot+da 2, V)

and Vj fo/ fo is a polynomial of xy, x5, 23 (j = 0,1, 2).
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Consider the system of differential equations

Vou = —2u
Viu=20
{VZ + 423 (323 + 2z123) bu = 0

This system is equivalent to the following one;
U -2 0 U
V0 —
’ ( Vou ) ( 0 2 ) ( Vyu )
u 0 0 u
Vi = 5
Vou —4x9 (225 +25) 0 Vou

U 0 1 U
Va = 20,2
{ Vou —42% (323 + 22123) 0 Vou

16



By taking a cycle or a path C' appropriately, the func-
tion of (x1, x5, r3) defined by the definite integral

/C P(t)"'2dt

is a solution of the system above.
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This argument is generalized as follows.
Define A; (j =1,2,3) by

aal={{s0,0},{0,4+s0}}
aa2={{(2/15)*(2+s0)*x1°2,0%},

{(2/15) % ((8+34%*s0) *x1"~3*x2
+15%s0%x272+10% (s0+2) *x1%x3) ,
(2/15) *x(2+s0) *x172}}

aa3={{0,1%},
{(-(2/225)) x (8% (s0+2) "2%x1°8

+10% (4%s0-7) * (s0+2) *x1"5%*x2

+25% (2%s0-5) * (80-4) *x1"2%x2"2
-300(1+2%s0) *x1"3%x3-375%* (s0+2) *x2%x3) ,

(4/15) * (2+s0) *x1* (2*x1"3+5%xx2) }}

and consider the system of differential equations

Uu u
V;' :Az .:07172
<V2u> H(Vw) © )

Then, putting s, = —2, we obtain the previous system.

18



We also have the following result. Consider the system
of differential equations

U U
‘/; Viu = Bi+1 Viu (7, = 0, 1, 2)
Vou Vou

where B; are defined as follows:

19



bb1={{s0, 0, 0}, {0, 2+s0, 0}, {0, O, 4+s0}};
bb2={{0, 1, 0},

{-2/225%x1% (8%x1"3+70*r2%x1°3-100*r2"2*x1"3
+8*%s0%x173+35*r2*xs0%x1"3+2%s0”"2*%xx1"3-180*x2
+825xr2%x2-750%r2 " 2*x2-90*s0*x2+75*r2*s0*x2) ,

1/15% (8+5xr2+4%s0)*x1°2, r2},

{1/900% (-128*x1"6+80*r2*xx1"6+100*%r2"2%x1"6-128*s0*x1"6
+40%r2*xs0%x176-32%s072*x176-320*%x1"3*x2-4000*%r2*x1"3%x2
+5500%r272*%x1 " 3%x2+3280*s0%x1 " 3*x2-200*%r2*s0*x1 "~ 3*x2-
80*%xs0"2%x173%xx2-4500*%r2*x2"2+5625*r2"2*x2"2+1800*s0*x2" 2
+2400*x1*x3-3000*r2*x1*x3+1200%s0*x1%x3) ,
1/15%x1* (8xx1"3+5%r2+x1 " 3+4%s0%*x1 "~ 3+80*x2+50*r2*%x2+10%s0*x2) ,

1/15% (4-5*%r2+2%s0) *x1"2}};

bb3={{0, 0, 1},

{1/900% (-128*x1"6+80*r2*xx1~6+100*r2"2%x1"6-128*s0*x1"6
+40%r2*xs0%x176-32%s072*%xx176-320*%x1"3*x2-4000*%r2*x1 " 3%x2
+5500%r272*%x1 " 3%x2-320*s0*x1 " 3%x2-200*%r2*s0%x1~3*x2
—80*%s072%x173%x2-4500%r2*x2"2+5625%r27 2*%xx2"2+2400%x1*x3—
3000*r2*x1*x3+1200*s0*x1%x3) ,
1/15%x1*% (8%x173+5*r2%x1~3+4*s0*x1~3+20*x2+50*r2*x2
+10*s0%x2), 1/15%(4-5%r2+2*xs0)*x172},

{1/450% (-128%x1"8+80*r2*x1"8+100*r2"2*x1"8-128*s0*x1"8
+40%r2*xs0%x178-32%s072*%x1"8+80%x1 " 5*xx2-500*%r2*x1 " 5%x2
+500*%r272%x1 " 5%xx2-280%s0*x1"5*x2+200*r2*xs0*x1 " 5*x2-

160%s072*%x1"5*%x2-2600%x1"2%x272-3250*r2*x1"2%x2"2

+8125*r272*%x172%x272+1000%s0*x172*%x2" 2+
625xr2*s0%x172*%x272-200%s072%x172*%x2"2+1200%x1"3*x3

-1500*r2*x1~3%x3+2400%s0*x1 " 3*x3+3000*x2*x3

-3750*r2*x2*x3+1500*s0*x2*x3) ,

1/4% (4+5%r2) *x2% (4*x1~3+5%x2) ,

1/15%x1* (16%x1"3-5*r2+x1"3+8*s0*x1~3+40*x2-50*r2*%x2+20*%s0*x2) } };

Sp, To : parameters
May put sqg = —2

20



If ro =0, then V;i = B,1@(j = 0,1, 2) has a quotient
Vit = A;j11(j =0,1,2). On the other hand, in the case
Sg = %, re = 1, the monodromy group of the system

Vit = Bj11 (j = 0,1,2) coincides with W (Hs3).

21



The discriminant of the group G335, ST nota-
tion No.24

P(t) = t7 — %(Cl — 1)£U2t5 — %(Cl — 1)£U3t4 - 7(01 + 4)$%t3

—14(c1 4 2)moxst? + 2{(Bcr — T)a3 — (1 + 5)a3}t
+35(7e; — 131)23w3 + 27
(¢t ==T7)

The discriminant of P(t) is f¢ up to a constant factor.

fo = 2048z9x3 — 220162523 + 60032525 — 17281
+256x1x7 — 1088z523x7 — 100803577

2 2 3

fo is the discriminant of the unitary reflection group
G336
Define vector fields Vj, Vi, Vs by

t(%, ‘/17 ‘/2) - Mt(am,am,aw?)

Then Vjy, V;, Vs form the generators of logarithmic vector
fields along fo = 0. Here

22



323 Txr
— L7 —3(28x3x3 — 12823 + 3uww7)
—56z (275 — 1372) 28(32285 — 40x3x2 — 84x3 + 59T91377)
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Put

Ao={{s0, 0, 0}, {0, sO + 4, 0}, {0, 0, sO + 5}};

A1={{0, 1, 0%},

{1/162%x2% (-32%x2"3 + 28*cd*x2"3 + 4%c4"2%x2"3
- 40*%s0%x273 + 4*c4d*xs0*%x2"3 — 8*s072%xx2"3

- 72%x372 - 129%c4%x372 - 15%c4"2%x372

- 72%80%x372 - 57*c4*s0*x372),

1/9%(-10 + c4 - 4xs0)*x2"2, c4*xx3/504},

{-7/54%(-1216%x2"3%x3 + 296*cd*x2~3*x3

+ 56*%c4"2%x273*%x3 - 1376*s0*xx2"3*%x3 -
112%c4*xs0*x273%x3 - 304*s072*%x273%x3

- 144%c4*xx3"3 - 18%c472*xx3"3 - 1368*s0%x3"3 +
24xx2xx7 + 3%cd*x2*xx7 + 114%s0%x2%x7),
-14/3*%(-20 + 5xc4 - 38%s0)*x2*x3,

-1/9%(8 + c4 + 2*xs0)*x272}}

A2={{0, 0, 1%},

{-7/54%(-1216%x2"3%x3 + 296*cd*x2"3*x3

+ B6*%xc4"2%x273%xx3 - 1520*s0*x2"3*x3 -
112%c4*xs0*x273%x3 - 304*xs072*%x273%x3

- 144%c4*%xx3"3 — 18%c472%xx373 + 24*x2*x7

+ 3kchd*x2*x7 + 24*xs0%x2*x7),

-14/3%(-152 + 5*cd - 38%s0) *x2*x3,

-1/9%(2 + c4 + 2*s0)*x272},

{98/9% (-1152%x2"5 + 240*c4*x2"5 + 48+%c4"2%x2"5
1728%s0*x275 — 48%c4*s0*xx2"5 - 1760*%x272%x372
388%c4*xx2"2%x372 + T6*Cc4"2*%x272%x372
2632*%s0*x272*%x372 - 356*%c4*s0*xx2"2%x372
2888*s072%x272*%x372 + 24*x3*xX7 + 3*%cd*x3*x7
114%s0%x3*x7) ,

-1176% (-2 + c4)*(2*x2°3 - x372),
14/3% (190 + 5%c4 + 76%s0)*x2%x3}}

<+

+
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There is a system of differential equation of rank three
defined by

(] U
Vil iu | =4, | Viu (j=0,1,2)
Vau Vou

This system has two parameters s, c;.
Substituting So = —1, Cy = O ln A]) we Obtain A‘EU),

-1 0 0
AP =| 0 30|,
0 0 4
0 1 0
Ago) — 0 —%1‘% 0 7
T(8a3wy — 7623 + bwawr) —84wows —32a3
0 0 1
45 = 0 5322513 0
196(3225 — 112325 — Saswy) 2352(22) — a3) 5322013
The system
u U
Vil Viu | = AP | Viu (j=0,1,2)
Vou Vou

has a quotient which is defined by Vju = 0.

25



We now study the restriction of the system

U u
Vil Viu | =AY | Viu (j=0,1,2), Viu=0
Vou Vou

to the hyperplane x5, = 0. Then we obtain an ordinary
differential equation

1822 1027
02 L O =0
( v T (17287] + 23) 7 T 49(17284% + :c?;)> "

One of its solutions is

,1/3F 1 10 2 ZU%
. L 02
’ 21'21°3" 1728}

Similarly as the restriction to x3 = 0, we obtain an

ordinary differential equation

) 25625 + 1122 N 3 0
T T (25628 — x2) T 49(—25628 + x2) ) T

One of its solutions is

2
ip2p (133 a7
e (14’ 14’ 7’ 25647

Last we note that, in the case ¢y = =9, so = 1/2, the
system of differential equations has a finite monodromy

group.
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knl = (x76xy~3)/32 + (3*x7"3xy~5)/28 + (3xy~7)/49
- (3/16)*x"4*xy~2xz - (3/7)*x*xy 4%z + z"3;
kn2 = (-(1/864))*x"6xy~3 + (5*x~3xy~5)/84
+ (3%xy~7)/49 - (1/48)*x"4*xy 2%z - (3/7)*x*xy 4%z

+ z73;

kn3 = (x73%y~5)/21 + (3*xy~7)/49 - (3/7)*x*y 4%z + z"3;
knd = (3xy~7)/49 - (3/7)*x*xy~4xz + z"3;
knb5 = (78125%x79%y) /200120949 + (44375%x"6%*y~3) /4840416

+ (107*x"3%y~5) /1372 + (3*y~7)/49 -
(6250%x"7%z) /3176523 - (1375%x"4*y~2%*z) /16464
- (3/7)*x*xy~4*z + z"3;
kn6 = (64*x"9%y)/823543 + (208*x~6%y~3)/453789
+ (68%x73xy~5)/1029 + (3*xy~7)/49 + (48%x"~7xz)/117649
- (40*x"4xy~2%z) /1029 - (3/7)*x*y 4%z + z~3;
kn7 = -((448%x~9xy)/243) + (16*xx"6%xy~3)/9 - (4*x"3xy~5)/7
+ (3xy~7)/49 - (112%x"7*z) /27 +
(8/3) *xx~4xy~2%z — (3/7)*xxy~4*z + z~3;
kn8 = -((752%x"9*y)/823543) - (2017*I*x"9*y)/(823543*Sqrt[3])
(397*x"6*xy~3) /33614 + (323*IxSqrt[3]*x"6+y~3)/33614
(39%x73%y~5) /686 + (9/686)*IxSqrt[3]*x~3%y~5
(3xy~7)/49 + (1763xx"7*z) /235298
(249*IxSqrt [3]1*x"7*z) /235298 + (3/686)*x"4*y 2%z -
(37/686) *I*xSqrt [3]1*x~4*xy~ 2%z — (3/7)*xxy~4d*xz + z~3;
Yoo Toto oo o To o To o o o ToTo o ToTo 1o o To o o o To 1o o ToTo o To 1o o Jo To o o ToTo o Jo T o Jo T 1o

+

<+
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Th discriminant of the unitary reflection group
G160, ST notation No.27

file 7c080903a”, ”c090101f”

Consider the polynomial

P(t) = t° 4+ y1 5 + yot* 4+ yst® + yat? + yst + ys

Substitute y; (j =1,2,...,6) by z; (j =1,2,...,6);

yl=x1

y2=(5/16)*(9 + sr)*x2,

y3=(5/64)*(11 + 3xsr)*xl1*x2,

y4=(5/512)* (37 + 45*sr)*x2"2,

y5=(61 + 5xsr)*(-64%x173%x2 + 373%x1%x272

+ 1b5%sr*x1*x2°2 + 2%x5))/12288,

y6=(-279 + 145%xsr)*(-512*%x174*x2 + 2864*x1"2%x2"2
+ 1425%x273 + 13b*sr*x273 +
16*x1*x5) /3538944,

where sr? = —15. Then the discriminant of the polyno-
mial P(t) is f&, where

fo = 65536222 — 1765376253 + 1740601627
738873602523 + 10737100875
+34338816z, x5 — 409628 z215 + 96640282275
—707952x {375 + 162259222 x4 25
+186624x575 + 64272 — 1584531972
+7128z 2322 + 913

up to a constant factor.
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The polynomial f; is regarded as the discriminant of
the unitary reflection group No.27. In particular, fj is
obtained as the determinant of the matrix

I 21‘2 51‘5
3 5 (1442123 — 25) = (6402525 — 93882123 + 366002723
M = —19872x3 — 2823 x5 + 30771 T975)
x5 = (—1920zt2s + 87242223 — =21 (65920257, — 8870922123 + 288612027 23
+1641623 + 13921 25) +36763275 — 269273 x5 + 205337 7275)

and is a discriminant of Gaygg.
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We define vector fields Vg, Vi, Va by

Vo Or,
Vi =M a:vg
Va Oy

Then Vj, V1, Vs form generators of the logarithmic vector
fields along the set fo = 0 in the (xy, 29, z5)-space. By
direct computation, we have

V1, V2]
= =5(320032, — 164122323 — 18056223
—80x2x3 — 30Twow3) Vo
— 474z — 410202, + T20922)V;
— w1 (62% — T3x2) V5

We consider the system of differential equations

u u
Vil Viu | =441 | Viu (j=0,1,2)
Vou Vou

where A, Ay, A3 are matrices of rank three defined as
follows.
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A1={{(1/264)* (1344 + 5%xh2 + 34560%h1), 0, O},
{0, (1/264)*(2136 + 5%h2 + 34560%*h1), 0},
{0, 0, (5/264)*(480 + h2 + 6912xh1)}}

A2={{0, 1, 0},
{(1/36582036480) * (-873538560*x1°6 - 5462400%h2*x1~6

- 8000%h272%x176 - 53084160000%h1*x1"6 -

293068800*h2*h1*xx1°6 + 6680960040960%h1~2*x1"6

+ 23319480960*x1"4*x2 + 144298800%h2*x17~4*xx2

+ 210000%h272*xx1"4*x2 + 2493684817920*%h1*x1"4*x2 +

10156492800%h2*h1*x1"4*xx2 - 45967909847040*h1~2%x1"4%*x2

- 148925977920%x172*%x272 - 929415600*%h2*x1~2*x2"2

- 1378125%h272%xx172%x272 - 12594093705216%h1*x1"2%x2"2 -

48930635520*h2*h1*x172*xx272 + 153739955404800*%h1~2%x172%x2"2

+ 59338033920%x273 + 224532000%h2%x273

- 10329880264704*h1*x2"3 - 36582036480*h2*xh1*x2"3 -

758565108449280%h172%xx2"3 - 137356560*%x1%x3

- 519750%h2*x1*x3 - 2915066880*h1*x1*x3),

-((1/213840) * (x1*(68280*x1"2 + 200%h2*x1°2

+ 12673152*%h1*x172 - 907560%x2 -

2625*h2*x2 - 84177792*h1*x2))),

(-(1/6))*h1*(x172 - 6*x2)},

{(1/11431886400) * (69009546240%x1"7 + 431529600*h2*x1"7

+ 632000%h272%xx1°7 + 4193648640000%h1*x1"7

+ 23152435200%h2*h1*x1°7 - 527795843235840%h172%x1°7 -

1387644704640%x17°5%xx2 - 8779309200*%h2*x1~5*x2

- 13170000*%h2"2%x1"6*%x2 - 199060235182080*h1*x1"~5*x2

- 824882227200%xh2*h1*x1°5%x2 + 3125118432706560%h1~2*%x175%x2 +

7236937923840xx173*x2"2 + 45847706400*h2*xx1~3*x2"2

+69330375%h272xx1"3*x2"2 + 858016346793984*h1*x1"3%x272

+ 3461777844480%h2*h1*x1~3*x2"~2

10904755042713600*%h1"2%x173%x272 - 7612774139520*x1*x2"3
47225494800%h2*x1*x2°3 - 70166250%h2"2xx1%x2"3
872986623860736*h1*x1*x2"3 + 3045177400320*%h2*xh1*x1*x2°3 +
58030230796369920%h1"2xx1*x2"3 + 6371220240%x172%x3
+ 24131250*%h2*xx172*%x3 + 133600389120*h1*x1~2*x3
- 14543899920*x2%x3 - 52925400%h2*x2%*x3
- 457275456000*%h1*x2*x3) ,
(1/133650) *(2995680*x1~4 + 15800*h2*x1~4

+ 2253540096*h1*x174 - 19577160*x172*x2 -

<+
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121875*%h2*x172*x2 - 12962509056*h1*x17~2%x2
+ 133650%h2%x2°2) ,
-((1/427680) * (x1* (98640*x1°2 + 200%h2*x172 - 21199104*h1*x1"~2
- 1271880%x2 - 2625%h2%x2 + 113923584*h1*x2)))1}}

A3={{0, 0, 1},

{(1/11431886400) * (69009546240%x1°7 + 431529600%h2*x1~7

+ 632000%h272*x1°7 + 4193648640000*%h1*x1°7

+ 23152435200%h2*h1*x1°7 - 527795843235840%h1"2%x1"7 -
1732525856640*x175*xx2 - 10062349200%h2*x1"b*x2

- 13170000*%h272%x175%x2 - 207928607662080*h1*x1~5%x2

- 824882227200xh2*h1*x1"5*x2 + 3125118432706560*%h1~2*xx1"5*x2 +
9005747132160*x1"3*%x2"2 + 52428097800%h2%x1~3%x272

+69330375%h272xx1"3*x272 + 903500012150784*h1*x1"3%x2"2

+ 3461777844480*h2*xh1xx1"3%x272

- 10904755042713600%h1"2*x1"3%x272 - 5666782239360*x1*x2"3

- 39985941600%h2*x1%x2"3 - 70166250*%h2"2*x1*x2"3

+ 923026415579136*h1*xx1*x2"3 + 3045177400320%h2*h1*x1*x2"3 +
58030230796369920*h1"2*x1*x2"3 + 14993249040%*x1"2%x3

+ 56207250*h2*xx172*x3 + 355309701120*h1*x172%x3

+ 18543135600*x2*x3 + 70166250%h2*x2*x3

+ 393534028800*h1*x2%x3) ,

(1/133650) * (6749760%x1°4 + 15800*h2*x174

+ 2253540096*h1*x174 - 52065000%x172*x2 -
121875%h2*x172*x2 - 12962509056*h1*x17~2%x2

+ 57095280%x272 + 133650%h2*x272),

-((1/427680) * (x1*(51120%x1°2 + 200%h2*x172 - 21199104*h1*x1"~2

- 693720%x2 - 2625*%h2*x2 + 113923584*h1%*x2)))},

{(1/3572464500) * (-5451754152960*%x1°8 - 34090838400%h2*x1°8

- 49928000%h272%x178 -
331298242560000%h1*x1"8 - 1829042380800*h2*h1%x1"8

+ 41695871615631360*h1°2%x178 + 92679446021760*x1"6*x2

+ 557129242800%h2*x176*x2 + 770250000%h2"2*x176*%x2 +
16376190696529920*h1*x1"6*x2 + 66944720332800%h2*h1*x1~6*x2

- 206882987012259840*h1"2*x176%x2 - 486812026399680*x1~4%x272

- 2851829440200*h2*x174*x272 - 3815371125%h272xx1"4*x2"2

- 65786091386351616*%h1*x1"4%x2"2

— 2b8562921547520*%h2xh1*x1"4*x272

+ 720172257804288000%h1"2*x174*x2"2 +
794826767275200%x172%xx2"3 + 4693483812600xh2*x172%xx2"3
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+ 6515437500%h2"2%x1"2*%x2"3 - 85148625690906624*h1*x1"2*x2"3

- 322688758106880*h2xh1*x172*xx2"3 -
4784402313213050880*%h1"2*x172%x2"3 - 228079851943680*%x2"4

- 1806238051200*h2*x2"4 - 3572464500%h2"2*x274

- 18134447123865600%h1*x2"4 - 74078623872000*%h2xh1*x274 -
571889918160*x1°3*x3 - 2140701750%h2*x1"3*x3

- 13779685370880*h1*x1"3*x3 + 1951711692480*x1*x2%x3

+ 7085989350%h2*x1*x2%x3 + 62513711884800%h1*x1%x2%x3),

-((1/10125) *(16%(-1248200*x1"5 + 2998076544*h1*x1"5

+ 8604480*x173%x2 - 16280694144xh1xx1"3*%x2 - 7239780*x1%x2"2

- 3212265600%h1*x1%x27°2 + 180225%x3))),

(1/66825) *(5915520*x1°4 + 15800%h2xx1°4 - 962955648xh1*x17~4

- 45630000*%x172%x2 - 121875%h2*x172%x2 + 5217654528%h1xx1"2%x2

+ 50038560*%x272 + 133650*%h2*x27°2 + 1385683200%h1%x272)}}}
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Aq, Ay, A3 contain parameters hq, ho. The determina-
tion of Aq, Ay, A3 was accomplished by Masayuki Noro
(Kobe Univ.).

The case hy = —%,hz = —%4

In this case the monodromy group of the system of

differential equations becomes Gogp.

The case hy =0, hy = —%

In this case there is a quotient of the system above.
In fact,

Viu = 521 (1327 — 16225)u

u u
&' — B ._07]-)2
J(VZU> J+I<VZU> (J )

is a quotient of the system Vi = A, 14 (j = 0,1,2)
defined above, where B; (j = 1,2,3) are matrices of
rank two defined below :
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B1={{-3, 0}, {0, 1}};
B2={{(1/162) *x1*(13*x1"2 - 162*x2), 0},
{(-98592%x1"7 + 1926304%x1"~5%x2
- 10970316%x1°3%x2"°2 + 17754552%x1%x2"3
- 15066%x1~2%x3 + 30861%x2%x3) /43740,
(-1350%x1°3 + 15390%*x1%x2)/43740}};
B3={{0, 13},
{-((1/164025) * (4% (-6490640*x1"8
+ 180214176xx1°6%x2 - 999084132%x1~4%x2°2 +
712058040%x1°2%x2°3 + 1244595456%x2"4
- 2995542%x1"3%x3 + 665577*x1%x2%x3))),
-((4%(511920%x174 - 3948750%x1"2%x2
+ 4330260%x272))/164025) }};
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ks = zx(s*x"2%xy~4 + 2xy~5 - 10*x*y 2%z + 5*z"2)

gk01

zx (25%x"4*y~3 - 20*%x"2*y~4 + 4xy~5 + B0O*x"3xy*z

- 20%xxy~2%z + 10%z"2)

gk02

zx (26xx74*y~3 + 80*x"2xy~4 + 64%y~5 - 320%x*y 2%z

+ 160*%z"2)

gk03

(-(1125/4) ) *x"7T*xy~4 - (225*%x~5*y~5)/2 + 25xx"3%y~6

- (4xx*xy~7)/3 - (675/2)*x" 4%y~ 3%z + AL*x~ 2%y 4*z
- 2xy~b*z - (225/2)*x"3%y*z~2 - 5*z"3

gk04

zx(600%x"4*xy~3 - 1080*x"2*y~4 + 486%y~5 - 1000*x~5*z

+ 3600%x"3*y*xz — 2430*%x*y 2%z + 1215%xz72)

gk05 =

zx (—45%x72%y~4 + B4*xy~5 + 200%x73xy*z — 270%x*y~ 2%z

+ 135%z"2)

gk06
gko7

4xxxy~7 + 6%y bxz + 15%z"3
-50*x"5*y~5 - 384*x*y~7 + Tbxx"4*y 3%z

+ 720%x" 2%y~ 4%z - B76xy"bxz - 1440%z"3

gk08 =

zx (75*%x~4%y~3 - B40*x"2xy~4 + 972xy~5 - B500*x"5*z

+ 3150%x"3*%y*z — 4860*x*y 2%z + 2430%z72)

gk09 =

zx (=375%x"6*%y~2 + 1350%x74xy~3 - 1620%x"2*y~4

+ 648xy~5 - 2000%x"5%z + 5100%x"3*y*z - 3240%x*y~ 2%z
+ 1620%z72)

gkl0 =

(-4096%
X“7xy"4 + 1792%x7bxy"5 — 200%x"3%y"6 — 6400%x"4*y~ 3%z

+ 2500%x"2%y~4*z - 260%y~bxz + 5120%x"5%z"2
- 8000*x"3*y*z~2 + 1250*x*y~2%z~2 - 625%z~3)

gkll =

(-3750%x"7*y~4 - 362025%x"5%y~5 + 21018069%x"3%y"6

+ 1701000*x*xy~7 — 36009450*x"2*xy~4xz — 1350000%y~5*z
+ 62500%x"3*%y*z~2 + 19507500*x*y~2%z"2 - 3375000%z"~3)

gkl2 =

(96*%x~9%y~3 - 288*x"7*y~4 + 576%xx"5xy~5 - 600*x"3*y~6

+ 250%x*y~7 - 1440%x”~6xy~2%z + 1800%x"4*y~3%*z
— 750*y~bxz + 4860*x"5xz"2 — 9000%x~3*y*z"2
+ B625*x*y~2%z"2 - 1875%z"3)

gkl3 =

(62208*x~5*y~5 - 183775%x"3*y~6 + 144000*x*y~7

- 1440000%x"4*y~3%z + 4275000*x"2*y~4*z - 3456000%*y 5%z
+ 6635520%x75*%z"2 - 20736000%x~3*y*z"2
+ 18360000*x*y~2%z~2 - 8640000%z"3)

gkld,....

,gk35

To1o oo oo o o o o oo oo oo o o o o o o ot o oo Jo o o T To T T To o o o oo o o oo
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The discriminant of the group W(Bs;) and the
unitary reflection group Gia9s, ST notation No.26
In this case we start with the matrix

a 2£U2 3373
M=\ 22y x120+ 323 27123
3373 2371373 ToT3

The determinant of M coincides with f up to signature;
fo = w3(—aias + 423 + 42313 — 187 7073 + 2723)
Let Vp, Vi, V5 be vector fields defined by

t(%, ‘/17 ‘/2) - Mt(amlaaxzaaxg)
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We define

So 0 0
A = 0 1+ sg 0
0 0 2+ s
0 1 0
Ay = —(=1+42k; — sg)sox2 k121 1+ s
—(=14 3k —2s¢)sors 0 (14 ki)xy
0 0 1
A = — (=2 + 3k — 25¢)s0x3 0 kixq
0 (1 —3ky +2s9)x3  (2k1 — so)x2

and consider the system of differential equations
VYU = Aj+1ﬁ (] = 0, ]_, 2)

where
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In the case W (Bj3), by taking a linear coordinate ¢t =
(t1,t,t3) of the standard representation space, we have

r, = T +t34 1
Ty 1212 + 1212 + 1312

T3 = 1ot

It is provable that in the case sy = k1 = %, the system
of differential equations

Vit = A (j=0,1,2)

on x-space has solutions 1, t5, t3, regarding them as func-

tions of x1, T9, x3.
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On the other hand, in the case of the unitary reflection
group No.26, by taking a linear coordinate t = (¢1, ts, t3)
of the standard representation space appropriately, we
may take vy, ys, y3 as basic invariants, where

yr = 5 — 10833 + 1§ — 10¢3¢3 — 1035 + 15

Yo = (88 +5+3)((¢F + 5 + t3)* + 216(t1tat3)?)

ys = (1] —8) (& — )5 — 1))

If we define

T =1, T2 = (Y — y2)/3, 3 = 163,

the discriminant of this group coincides fy up to a con-
stant fanctor. Moreover, we find that in the case sq =
1/6, ko = 1/3, the system of differential equations

V}ﬁ = Aj+1ﬁ (] = 0, ]_, 2)

on x-space has solutions 1, t5, t3, regarding them as func-

tions of x1, To, x3.

40



We consider the restriction of the system
V}U == Aj+1ﬁ (] == 0, ]_, 2)

on the hyperplane x; = 0. Then we obtain an ordinary
differential equation whose solution is

So 2 — So 4 — So 1 So — 2]€1 + 2 271’%
3F2 ) ) 1o » 3
6’ 6 6 2 2 A3

Similarly it is possible to restrict the system to the hy-
persurface 4z5 — 2 = 0 and the hyperplane z, = 0.
When we restrict it to the hypersurface 4y — 22 = 0,
we obtain an ordinary differential equation whose solu-
tion is

2—80 1—80 S0 1 541'3
F: , ,———Sg+ k1 + =, s0 — 2k1 + 1;
3 2( 3 3 3 S0 1 280 1 x%)

On the other hand, we restrict it to x5 = 0, we obtain
an ordinary differential equation whose solution is

—5Sp + 2 —S0 + 1 S0 2 — k‘l 3 — k‘l 271‘3
3F2 ) y T ) y 3
3 3 37 2 2 a3
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3F2(fl1, sz, az; by, ba; 95)

order ‘ degree ‘ Results in Kato

60 5 (iil.?%) <331.3§>
1071071037 3 10710710373
o| of(2 1318 (T3 1380y
10710710’ 575 10°10°10° 575
9 11 15 4 5 9 11 15 4 5
ws) 4 (Gares) | (Temss)
5| o|(2,2 13,3 9) | (1 17 5.3 6y
1471414747 4 2872872874 4
13 2 13 2
wo| o[ (LB DIy (1T T D
30°30°30°4" 4 3073073044
1 5 111 4 1 5 11 1 4
360 12 <__7_7_;_7_> <__7_7_;_7_>
3030730 575 30730730 5° 5
258305
21 P I 7 ——
0 6 (97979’4’4>
4
216 12 (—,Z,E;Zﬁ) SR
9°9 966
14
216 12 (—,—,z;§,z> SR
9°9°9°6 6
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