EHRFERBFDIFIBALI

HRERRSE: DgERAE R EwM, 2017/6/24

W E
SHAGATEEITHI T &, SATTH] By 12K D EHRS N D KALER
W SRR
dY = —(2I, = T) 'By dzY (0.1)

L RZBUTHRIR U To, SRR AR 0 JiRE

n—1
dY = — (w1, — To(«")) ™" (In dz, + Y BY(2) dxi) B, Y
i=1
(0.2)
BEZD, TIT, o= (1, ,Tn_1,Tpn) = (2, x,) EF LTz,

AFEH TIZL B R AR R OME, W2 &MFIZ DOV
TR, 2 2 H 5 IR & XN B R 2R AR R ;= ti(2), 1 <
i<n ZEHRL., FHEETRRI N RARBS ARG
LR,

RIZ, nikoeR2 MVER U, = {(u1, ..., un) } IAEFT % well-
generated 7% A BREEREZHEMA G 12/ L. G D orbit space X =
U,/G DETERIN, GZEE/ P I —FIZH DORARIMS H
A (G-quotient system) DFEIEE, ZDWKEEZ 5 A5 LIT&
DRY, X DR z;, 1 <i<nldiU, LD GAELLEHATH
D, F7z G-quotient system (29 5 FHMERE ¢;(x), 1 <i<n &
x DEZHAL R BDT, TNz GOFEHAEXNEIER, ARG TIE,
GDAZELIHA 1; = Fi(u), 1 <i<nd52 o0k, Thzflio
T G-quotient system Zf&Ek U, FHAZX t;(z), 1 <i<n 2K
DLEETDTNTY) ZLZRAR, L7220 D00 % RT,

1 Okubo type differential equations

T ~diaglzy,. .., 2z, ZXMILATEEITHI, B =diag[\i,..., \,] Z XA
THled 5 E, EHnHER

dY = —(2I, = T) 'BydzY (1.1)

BRI FREANE WS, H(z) =det(2l, —T) &L, 2z, 1<i<n
EEWICHERR B L RET 5.
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T1
MM TR (1.1) 2ROBZERT S -

dy = (B(z) (x,2)dz + Z B9 (z, 2) de) Y,

=1
B® = — (21, — T(2))”" Ba,
B, = diag[Ay, ..., A\,

n

H(z,z) = det(zI, — T(z)) = [ [(z = zi(x)).

=1
X ATTH] By = diag[Ay, ..., A] R U TIFIROEZE B <.
Ni— N €L 1<i#j<n, N#0,1<i<n
%X (1.3) &b B® X
", B¥(x)

B¥(z) = 2
= 2= %)

DD BRI NS,
T(x) = P(z)diag[z1(2), ..., z,(2)] P(z) ™"

B® = —P(z)diag[z — z(2),. .., 2 — 2z,(2)] ' P(z) ' Bu

:_p@g<§: E; >P@J*Bm

— 7z — zj(2)
EiRD, o T
MWD L DD T

z) - (=) _
(1) = =By, rank(B;7) =1

J

]
=]

nord, UIF
r; = trace(BJ(.Z))
LBEE -, L ERET 3,
B 1 <i <m IZOWTIRIRDFEA LD LD ¢

THT 2 Z e = (v1,...,2) I X TENL, T=T(x) &2 L,

(1.2)

(1.3)
(1.4)

(1.5)

(1.6)

(1.7)

(1.8)



WA 1.1, HER (1.2) AL T2 H(z,2)BY, 1 <i <m DEED
M2 DLHATH BRSO LD ¢

(1) z DRI 4 & 2541751 E(x) & nxnfT8 BO(z), 1 <
i<m DBFEHELT

B = (el =T BB+ e 1 <i<m (09
T
LB, E(x) TR LTI
o0& (x ;
aa(:i) =0+ deg, (H(%Z)BIE,L) <n-1,1<k<n (1.10)
MNWZ 5,

(2)
P(z)'T(z)P(z) = diag[z(2),. .., zn(2)]

% M7= TIERIFTH P(2) (S35 L

0z () O0zp(x)

P(x)'BYP(z) = —diag et R :
ZT; €T;

1<i<m (1.11)

LiRb, foTT(v), B(i)(x), 1<i<mlIu[fs TH5.

FOWEID, YEEW IOV FEZSEZ L TEterm 2B\ (€ =
I, D) RAGRILHEA

dy = <B(z)(:1:, z)dz + Z BY(z, 2) d:m;) Y, (1.12)

i=1
B® = — (2L, —= T(z)) "' B, B = = (21, = T(2)) " BBy, (1.13)
2185,

B 1.1, E-term B0 AHRENR (1.12), (1.13) 12X 2 A A
ST L TFME

5 + BD(z2) + [BD(2),Bs] =0, 1 <i<m, (1.15)
L
OB (z)  9BY(xz)
= < m. .
0z; ox; lstjsm (1.16)



Remark. B, (X3 250 (1.6) & W EFX (1.16) 1$F X (1.15) o &
PbdZ enbirsd,

ZITEWERE 2 ZIDEZT 2i(x) D ay, i > n KOS RWNIRDIET
KINBHLEHIZT B :

2i(2) = —xp + 20 (21, 1) = —xp + 20(2), 1 <0 < . (1.17)

72720 zi(z) 1T LT

0z1(x) Oz ()
o o
: . © | # 0 at generic points x (1.18)
921 () 0zn ()
ESBEIIET S.

fE 1.2. A (1L.17) K mkdibhr s

To(x) = xnL, + T(z), BO(x) &y, i > nlTI3MKIELR O 2y, .. 20y
DR L7225 (BME o' = (21,...,201) £70T) . 72 BW(2) = I,
BO(x) =0, i >ndEH ED.

Proof. 2 (1.11):

- 021 () O0zp(x)

P(z) !B (z)P(x) = —diag o om | 1<i<m

&b, BW(z)=1,, BO(z)=0, i>n AKHLD.
MRS (1.16) &9 0BD/ox; =0, j >n %135.
A& (1.15) &0

D OLE, 0Ty/0x; =0, 1 >n%135. O
F OB MWy AREAX

5.0, — BY — [BY B

dy = (B(Z)(x, z)dz + Z BY(z, 2) dmi> Y, (1.19)
=1
BY = — ((z +2,)1, — To(2')) " Bo, (1.20)

BY = — (2 + 2,)I, ~ To(e!)) " BO() B, BW =B (1.21)



%, R 2+, & x, EHESHA 2SR (reduced form) :

<zy3 m) : (1.22)

B(” () = =(2nln — To(2))” 1Boo, (1.23)
BY(x) = (rcnl —To(x") ' BY(2)By, 1<i<n—1,  (1.24)
T(z) = —x,1, + To(z) (1.25)

HEERTSH, TIT

T(x) ~ diag[z1(x), .. ., za(2)] = diag[—z, + 27 (2"), ..., =20 + 2 (2")]
ThoT-. Tz,
hz) = bz, x,) = H v)) =al+ Y (—1)si(a)ap
=1 =1

EEL. INEFTBRLME, €BER 2 - z,, (v1,...,20) = (@),
B® — B EQESHMZ TINTHD D, HlZIE

T(x) = P(z') diag[z1(z), . .., zn(x)] P(z) 71, (1.26)
BO(z') = —P(«') diag [3';1;”), . a?f)} P(z')™", 1<i<n, (1.27)
—x, — 2 () = —zi(x)
FDED LD,

EBE 1.2. IS RARRAY = (X1, BY(2)dz;) Y »° Okubo reduced
form 1272 % 728 O BB+ 513, %{43 (1.18) & A 729 x, DZIHKX
h(z',x,) = [1(—2i(2) = T[T, (xn — 20(2)) &5 (1.6) & A7z 3%
11751 B LYTL{KUD (1), (2), (3) ALY L DH.

(1) h(z)BY(x) € Oplz,)™ ", deg, h(x)B™(x);r <n, 1 <i,jk<n.
(2) deg, (h(x)BW(z) )<n 1<ik<n.
B"(x
2?

(3) BO@) =3 T (')> A EOIRE LT b X

i=1 "

n

> B (') = —Bw, rankB"(z') < 1. (1.29)



Proof. dY = (31, BY(z)dz;) Y #% Okubo reduced form 12722 & &
(1), (2) AL D 40@ FHHS 2T, 72 (1.28) Nk D, (1.29) D 2 b Kk
D LD,

WDFEH. FA (1.23): B™ = — (2,1, — To(2")) ' By DK D LD
7% To(2") DIFAEIZDNWT i{KOD V. generic 2/ Z[EE L,

Bi(n)(x’)Bo_olz—<b1i bm->t-<al-1 am>, 1<i<n
eL,

b11 e bln ayy ... Qip
P=|: .. | =

L, TDEE,
B («"\BL' = —PE; P, 1§i<n (1.30)

£75%. (130) DML YL, 2182 Ly (S0, BY) By = —PP' %
35, (1.29) &b, PP =1, PP=P 1 %1%, 22T

Ty(z') = Pdiag[??,..., 2Pt T(z) = Pdiag[z,..., 2, )P "
B, (125) R T(x) = —znd, + To(2) DL D LD, FTz,
— (znI, — To(2"))B™ = T(x)B™

" B"(z) " _PEP'B " E
T B S S/ - T _7p — | P'B,
D R ey 25

=T Pdiag[l/z1,...,1/2,] P"'Bs = B

&0 To(z)) i%ﬁ(l 23) 27z T HEP DN S

HO%ERX — (2,1, — To(z)h(z)B™ = h(2x)By DWEHAD 27, 2771 D%
Bz LT, C'n_l( ") = —Beo, To(2) = s1(2/)1,, — C,,_2(2") B} &7
BB, 1220, C(a)) 1Fh(z)B™ (x) = S0 Ci(a)xl, DEREL
> T To(a!) 1& o’ DBEELE U T h(z) RO h(z)B™ (x) HAIER 2 §HK T IE
HIZ 725,

PLETHBRER Y = (X1, BY(2) d;) Y 1dz, — 2, 2/ — 2, h(2/, z,) —
H(z,2),To(z") — T(x) LES &, #HE 1.1 DREZR L7 &I27%
D, THIT, (2) DfE K Dl 1.1 DX AITH E(2') 1% 9E(2')/Ox; = 0,
1<i<n—1%H7=7, o THELLDERX (1.9) 1 (1.24) Rz — 7
%, LAET (1.23), (1.24), (1.25) ARSI N/=DTHDIEHE KDL, O



2 Weighted homogeneous Okubo equations
DV = >0 wix;0,, % Euler vector field &9 % weight Z2EF%7 5.

O<w <wy <---<w, =1 (2.1)

CARETS B.

2.1 (meromorphic) logarithmic vector fields

h(x) = h(zy, ..., 00 1,2,) = h(2', 2,) = H(xn — ("),

=1
D = {h(x) =0}
2L, vector field
V= u@, )0, € Y M(@)[z,] s,
i=1 i=1

VD)

(Vh)/h € M(2')[z,]
% &A724 & &, V % meromorphic logarithmic vector field along D (i L
Tmlvf) &WS. FE v (x) K (VR) /A B2 IO EERHIREE, V &
logarithmic vector field along D (B4 L T L.v.f) £\ 5.

zi(w) = —x, + 22(2), 1<i<n

35 (1.18) -
0z1(x) Ozn () 029(z") 920 (z")
o1 T ox1 o0x1 ot ox1
0z1(x) Ozn (x) - az(f'(:v’) o 322'@’) §é 0 (22)
ax'n,fl e 8"l"nfl an_l Tt an_l
0z1(x) Ozn(x)
S el -1 ... -1
%729



FIE 2.1.

8z(1) (=) 8z2(z’)
o1 e o1
n o : .. :
Pl) =1 g 020 (@) (23)
8zn,1 e al"nfl
-1 ... -1
Wz,
My (z) =z, 1, — My(2")
= —Py(2)diaglz1 (), . . ., za(2)] Pp(2’) 7, (2.4)
V(@) = (Myw)ig(@) s, (2.5)
j=1
EBL. ZDOEERMBEDNLD.
(1)

det Mv(h) (x) = h(I)
(2) VH(EH(:U) 123 mlof T, V()& Euler vector field V; 1%
L.
(3) Vn(ﬁ)i—i-l — @0y, € D05 M(2') Oy, FE2 THRIZ
w(Vylha) =1 - wiw)
DL, BTV BV — 2,0, € >0 M), &7 m.luf T
baiolE, v=v" Ths.
(4) My (z) DIERIZRE L, D I8 free Td 5 FHILIFH.
B 2.2. h(z) = h(2',x,) =27 — s1(2 )z L+ + (=1)"s,(2)) T B

EE, AT My (2) DEEITE s;(2), 1 <i<mn, 0s;(2))/0x;, 1<i<
n, 1<j<n-10FHEALTHRINS.

Proof.
(29 ("))t (zp (@)t
F(2) = 2.6
R ) >
1



AL, 1750 MO, Mt &
M°F = Fdiag[??,...,2°], M'F =P, (2.7)
ZEOkdD &
My(2") = MPMO(MY) ™Y, My (2) = 21, — My(2) (2.8)

L5,
si(2')  —sa(2') (=1)" 2sp1(2) (=1)"tsp(a’)
1 0 0
MO = 0 1 0 0
0 0 1 0

A IZON5, i) = HK].(Z?(.I’) @) eTHeE, ()M D
B EHRIEIZK D, si(af), 1 <i<n, dsi(a)/0z;, 1<i<n, 1<

j<n—10%EKE LTRSS, O

Example. n = 3 D55,
h(z) = 23 — s1(2))23 + so(2”) w3 — s3(2),

§ = 18518953 — 4553 — 2753 + 5755 — 4s) = H(z? —29)?
i<j

B, £, i=1,21TxUL

1 Os s Os
a =< (2(35153 — sg)a—mt + (5152 — 9s3) (9$2i +2(3s9 — s%)a—x‘rj),

1 ds 0s
b; = 5 ((slsg — 25753 — 38283)0_:; + (253 — 5959 + 35153) axi

0
+ (255 + 953 — Ts153) 88%),

1 0s 0s 0s
=5 ((93% - 818283)6_1’1 +2(s? — 354)53 8:1; + 4(s2 — 35153 — 5253) 8:;;)
LB LE,

aq b1 C1 S1 —S2 83
M'=—|ay by |, M°=|1 0 0], Mpy=MM'(M")"*
0 0 1 0 1 0
(2.9)
5.



2.2 Weighted homogeneous Okubo equations
RARFERAKR T Z DS TRTHFRET S, DFD,
<Z BYO( dml> Y =T(z)™" (Z B9 () dx,) B..Y,
=1

T(z) = —xnI, + To(z'), B™ =1,

WZBEWT, Y, BW, T ORBODRTRTHERETS.

& 2.1. (1)
Zw 2, BY = —T, iwimiB(i) = —B,,
P
(2) B =diaglM, ..., A, Y = (yl yn>t r¥oy,
w(y;) = —\i
(3)

w ((B(k))%]) = —’IU(.Tk) — )\z + )‘ja w (ﬂ’j) =1- /\z + >\j7 1 S i,j,k S n

Proof. (1) ®FEHA.  (1.11) & : P(z) 'BOP(z) = —diag [%ﬂf?,...,ayxgﬂ
X0

; w,-x,B(i) — (Z w;x;diag {22 giﬂ) P(x')—l

= —P(2) (V1 diag [21, . . ., zn]> P(2)7!
—P(z') diag[z1,. .., 2,) P(2')™' = =T (),

Vl(h) Y = Z w,xZ v (Z w;x; B ) = —-B.Y.

=-\Ny,1<i<n%zigs.
(3) 1 (2) 73»‘%5. O

10



\ OB (z)  9BY(x) oC(x) =
A 1.16): _ i S (@) (! <<
FA (1.16) o, o X0 O BW(x"), 1 <i<n,
%723 weighted homogeneous 72173 C(z) 13 —EIZKF 5. Tk

. MIE2.1, (1), (3) &b

VM O@) = ~-T(x), w(Cijx))=1-N+A;, 1<ij<n (2.10)
2135, o TRABMARRIIITH Cr) kb ER N, TDOLED
R AT RESR M (X IRDIE D

B 2.3. By = diag[h1, ..., \,) FEARTOHED & 95, w(C, (z))=1—
N+ N 272 FIRATH C(2) = apdl, + C'(2) 1T & o TR F D RAHRI
W HREAR

dY = —(ViO(2)) 1 (dCO(2)) B Y (2.11)
DRI ATRESRAT 1
oC(x) oC(x)| .
[8@ , amj}_o,lgz,ggn (2.12)
THEAOND
1751 C(x) DE nfTHd
I(Cpa(x),...,Chpn(x))
det ( TN ) £0 (2.13)

iz L&, t;=Cn (), 1 <j<n ZHmERKIZED, Z0
JERE (ty...,t,) 2 RAGEAREA (2.11) B L COFEERZE (fat co-
ordinate) &\ 5, C(x) = z,1, + C'(x) £ 0. t; = t;(«'), j < n,
th=ap + 1 (2)) DIEELTWVWS, ZOFHEEDS & TIERED aES:

aC(t) AC(t)
|: at, ’ 825]

}:0, 1<ij<n




WENPND DT,

898’;@ = C(t), 1< ik <n, (2.14)
1
9k(t) = titn + gi(t), k <1y gu(t) = 515+ g,,() (2.15)

% i 723 weighted homogeneous 7B g, (1) & —RITKF 5.

NI MV (g1,...,90) 2T DRARETFEA D potential vector &\
9, Potential vector 131741 C(t) I2 & b 52 654, T C(t) I potential
vector (gi,...,0n) IZEDEZX 6N,

T 2.4, t = (ty,...,1,) 2 FHEE L 25 KALEGFER
dY = —(ViC(t))™' (dC(t)) B Y (2.16)

XU h(t) = det(ViO(t) EBL & & IRDBKD VLD,
(1) AC(£) = My (1). #>THF1 Ct) RBIER (1) & b Fik S N5,
@Y =(n .. w) eTaEE

t
Y = B! (vn(’” . vl““) Y. (2.17)
Proof. (2) DFEHHD AL X 5.
oy Loc. a0,
ot -(C) ot Boo ¥ == ot (ViC€)™ Bo ¥
L0,
Oyn _ (3.1 in) (AC) "B Y.
8tl 7, s i,n oo 4y
Oy,
: Yn = _(‘/10)_1800 Y
;.
MK D LD. fio T
at1 81‘,1 VTEh)
Y==BWViC) | ¢ | =B Myw | i | =B\ : | wn
8tn 8tn ‘/l(h)
185, O

12



3 Flat invariant systems of finite irreducible
complex reflection groups
G % Uy = {(un,...,up) | ws € CYIZIEFIT 3 BIEOEIREIRE L L,

X=U,/G=C"

% G-orbit 7 572 584 (G-quotient space) &35, EFL D G & reflec-
tion 2 SAEM I N BN, FHZ nflD reflection 25K I NS L &, G%
well-generated &\ 5.

GIZE nflOFR G-AZLHA Fi(u), 1 <i<nhHD, FEDGA
ZBLZIEA F(u) 1 Fj(u) DZHAE LTRIND., F,ORB%Ed, L35
Eddy, .. d, P I EGITEOTES.

dy < - < dp,

&95. ¥72, wi=d;/d, U, w(z;) =w; Tweight ZEFKT 5. >
Tw(w)=1/d,, 1 <i<nTdhb,

UFFZEEL, X LOREBERKE LTy, =F(u),l<i<n%&
%. G-quotient map ng : U, - X %

Te(u) =z = (x1,...,2,)

TrEFT S. mg(u) D branch locus D C X @ (reduced) defining function
h(z) 2 G DHHIR & XX HHIR A(z) 1F 2, 12D F monic n-IREIHA &
7% % ([Bessis|)e G DT D reflection D order 2 r TH 5 & i, DY
il E=v 2

8(1'17 tt 7xn)>r/(r_1) (31)

ThHEZLoN5.

PAF well-generated 72 A REEFIEZHTME G 12U, X FEREI N
RKIBRBIUEDRT, GEEDE/ FuI—HIZ®bH, 75T (x), C(x)
DEEID x DEIRZIENTH 55 DDOREKIEZ BN, IROEHDFIZ
Fesb.

13



EI8 3.1. There are special G-invariant homogeneous polynomials Fiﬂ(u)
of degree d;, 1 < i < n, generating Clu]® and satisfying the following
conditions:

(i) Let t; = F™'(u), and let h(t) = t7 — s;(¢)t"L + ... be the defining
function of D in this coordinatest = (ty,ta, ..., t,). Let V;(h)(t), 1<i<n
and My m (t) be defined by (2.5) and (2.4) with respect to h(t). Let C(t)
be the (weighted homogeneous) matriz satisfying Vl(h)C’(t) = Mywm(t).
Then, for any homogeneous linear function y(u) of u,

n

Y' = - B! <Vn(h)(t) v Vl(h)(t)) y(u) (3.2)

satisfies the Okubo type system
/ (h) -1 /
dy' = |- (v1 C(t)) dO(t) B | V', (3.3)
where

By = diagw(z1), w(zs),. .., w(x,)] — (1 + d_1n> I,. (3.4)

Note that the n-th entry of Y' is y(u).

(ii) It holds that C, ;(t) =t;, 1 < j < n, and hence {t;} gives a flat
coordinate system on X associated to (3.3).

Ifdy < dy--- < d,, then Fifl(u) are unique up to constant multiplica-
tions.

G-AZ%IHRA F/'(u) % G ® flat invariant (FHERZER) &\ 5.

14



DURTE#D 728
dl < < dn

ZAE L, EHOFERA & flat invariant O EARBINERIEZ 8 DDIEZE Step 1-
Step 8 (T4 TikR 5.,

Step 1. Ao NAZA» P F BHHK h(z) = W2, z,) ZKD
5. ZOEED 1 ZWEMAZZH, rank > 3 DEETIE S-T number 26 PAZFD
TR 3.1) Ik bkED. BRIZGAZLEHAE F(u), 1 <i<ndD%
HATRT WS, MR EZRANMATRT I L L AEDEXLRS.

Step 2. HHI h(x) & divisor D IZX L, F{X logarithmic vector fields
V;(h), 1 <i<n, KOZOD Saito matrix Myw % EH 2.2 D FHIEE 7 134ih
DL 70 FiETRD B, 2.1 fi, rank= 3, Example. TRU7Z LD AN
A% rank=4 THEHETWVAS.

HEETREZ LI Myw 23 (24) ATER I NL720121F, HHIA ()
N3G (1.18):

0z1(x) Ozn,(x)
e ae
: o : # 0 at generic points x
Jz1(x) Oz (z)
Oxn T Oxn

BT RTINS0, 2D Z &k, Logarithmic vector fields V

V; - xnaxl € Z C[w/]nxnaxk
k=1

72T EDOPFET D, &\ Bessis [Be] IZX D REINZEHIZLD
RiEE N 5,

Step 3 IZH#ELFTIZ G-quotient system (= G ZE ./ Ko I —FEIZH D
3R 2k 5.

Step 2 TR 7= Vi(h), 1 <i<n, Myw, with
v %)

n Z1

| =Myw |

Vl(h) 0,

15



XL,

9z Ozn
ouq e ouq
My =Myw [ 1 1
Oz Oz
oun, Oun
EHEL. Tk
h
A On, Ou,
: =Myw | * | =My| :
‘/l(h) al?n 871%

AR DD, y(u) R IEEOFR | RSFR L L,

~ t
Y = ( (h) ...Vl(h)> y(u)

O=d | : | yu)=dM'Y = —M;" (dMy) M;'Y + M dY
Oy

n

DL ONLD. FEoTY X AER

dY = (dMy) M'Y (3:5)
RN
ZIT, w, 1<i<n%
(wn w1> = (dI1 dl‘n) M‘;(lm

TEE5 V" Odualform 5L, df =Y, 2 do; = 5, (V" fw A
JEKDILDDT, (3.5) NALIZBENT

(dMy) Mg =" w, - (V" My) M
=1

L5, ZIZTP =V My) Mt &< & EROMBAIE D L0 :

B 3.1. KillDE, B OB IEuD GAEFRLIEHATH 5.

16



Step 3. P, D&MD % 21, ..., 2, DFIRZIEANTET.
Y N9 RER (3.5) 1

n

dYy = (Z B dxi> Y, BY = (M )ijPajsr
i=1

j=1
ERIND. o THIC

h(z)BY e Clz]™™
2135,

Step 4. B™(z) 23k 5. (HHFH)

(3.6)

W AR (3.6) 1Z—RRITIFRARBLITIZZR WA, ZD7ODEMETH

BEH1.2 D (1), (2), (3) DB (1), (2) &K LD :

®& 3.2. (1) deg,, h(x)B™(x)x <n, 1 <i,j,k <n.
(2) deg,, (W(z)BD(x)s) <n, 1<ik<n.

Proof.

~

8L g =V ), wV ) =1 —w &0,

2155, fiiE2.1, (3) &0
igb, o T

w <h(a:)§(”)(x)j7k> <n, w (h(x)B(Z)(x)kk> <n

BT, (1), (2) BT 5,

17

t
Y:(Ql Qn>, Ai=—w(y), 1<i<n



(3.10) D 1R &,
h(z)B™ (z) = Zci@')x;. (3.11)

EPBLIENTES. ZITOd) DEKDIE o DFRZIEN. R
Choy () 12X L TIE

w(Cp-1(2")i5) = wj — w;
NS A RVASH
Step 5. C,,_1(2/) 3K 5. (HHEHHE)

iR 2.1, (1) L FARRIZ LT By = diag[Ay, ..., A\ 123 L,
i=1

MWD IDD, o/ =0&BL L an(")|$/:0 = —B,, > T
Co1(0) = —Ba (3.12)

75”3*2 DD, i > 7 AN U)(Cnfl(.]f/)i’j) <0&D C’n,l(x’)i,j =0&7%45
DT, WA 1T, FEDD 2 DFIRZIEANTH 5 E=MHFIRITH]
R(z") WFELT

R(2)Cp 1 (2 )R(z') ' = =By, w(R(2))i;) = —w; + w; (3.13)
79,

Step 6. R(z) &3k 5. (FRIAE D HAETE)

18



dYy = (Z B(i)dxi> Yy (3.16)
=1

t
ﬁﬁ@jﬁ.%:(ﬁ ”yg rB . wyl) = -\ £5EDT, BE
X LTH
w (Bf’?) = —w; +w; — wy (3.17)

AN/ RVASN
i 3.3. MR (3.16) 1 By = diaglwy, ..., wn] — (14 3-) I, DRA
RESGEATH 5.
Proof. (3.17) & 0 @M 1.2 DA (1), (2) 1ZEK D 32D,
n (n) (1
BW@y:Z}fiﬁﬁ_a%ﬁﬁﬁﬁ%%btagZLJ#Mw:

—~ 1, — 29(2)

i=1 ?
R(2)Cp 1 (2 )R(2") 1 DT I NI —B IZFE L. o TEH1.2D5
£k (3) B Y LD, O

Step 7. B" = R(z)BWR(x')™!, T(z) = Bo(B")™ KU C(r) =
(Cig) = (1) (1 = w; + wy)) BReD 5. (EHLET)

19



Proof. Yy = (y? yf’l)t EHlL,

0., Yy = BOY, &b,

v, 0,
Yo=R() | y(u) = d, R(2YMyay |+ | 42
Vl(h) 0,
B B,
= d R(@" ) Myw | :
- T
d R(z") Myw | : = 1I,,
B™ B
Rz
B li BN
' - | #0.
7 oC oC
i h h
BY = ~("0) 5 Bo = —5 (V) Bx
£0
1 1 0Cn 1 9Cn.n
B,(l} o B7(11)1 e e
Lo == - | (VP0) By
B ... B s Sn

> T (3.18) W R 5.

20



%7, 1<j<niZHL, w(Ch;x)=w; &0, HEEHc; &, HEF
?ﬁ\’%lﬁﬁ fj(l’l, e ,(CEj,l) 75)@@ LT

ij(l‘) = CjZ; + fj(ZEl, . ,Ij_l)
MDD, 34 LD ¢, £0THB. /o T
Fi'(u) = Coj(Fi(u),...,Fy(uw), 1<j<n

1T G-AELIHADEARR (=4R) 245, T EHIZIR X7 fat
G-invariant polynomials Td® 5.

Step 8 F/'(u) = Cj(Fi(w),...,Fy(u), 1 < j < n &k 3. (il
Ein N

ti=Fl'u), 1<j<n%& X =U,/X EOREELTZL, C;=1;T,
potential vector (g1(t),...,gn(t)) 1%

ZEOkES.
(3.2) RiFEH 2.4, (2) T ORES,
Flat invariant IZIZEBEDOREWEDH 0,
- 1 )
tj=—t;, 1<j<n
Cj

Z 7275 Flat invariant (2338 & &, #7272 potential vector (g1 (), . . ., gn(?))

%
. 1 - . _
g;(t) = gilaaty,...,cnty), 1<j<n
CiCp
THZ 5605, Flat invariant 2EEUE 2 RE B TH D Z L DFEHIZZ
TS 5, DLETEM 3.1 DKL 5,

21



Non well-generated group D&,

BE# (= n) 23 LA T, well-generated TZR WX S-T number 31 O#
& G(m,p,n), m=pqg>pDATH 5, BIEDEHIRX bz, x4) 1F 24 12D
EOMBEAL LD, ZORIN U TORARBAEERTZ ATV, —
J G(m,p,n), m=pq > plZx U TUFHEHIRIX (2, 2,) = p(a)D (2, x0),
ZZTp(a) i DEZER, W (2, x,) 1% G(p,p,n)™ OHBIRE 2> T W
%. Step 2L F & W(2/, 2,) 125 3 logarithmic vector field V,") K O¥%
®D Saito matrix My,uy CTRAL THD Step 6 £ TEITT D, ZORKT
FHREX (3.16) ki< niZ2& (1.9) DK, 2% 0,

BY =T(2)'BY(2/)By + %S(m/)l, T = B,o(B™)~!
DK% LTS, > T Step 6 DRITIRD Step 6.5 ZiBAIL, T D&
Step 7,8 ~"HEA T T T 5,

(7£) EwM TORAAERITIZ G(m,m,n) LFRELINT VS,

Step 6.5. Y — &1y, B — £1B0E — 251 DR EMAEIT,

25 LTS N R AR AR R 0 2 T RIS ST L b G2
R 2755750,
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3.1 Examples of flat invariants

Rank (= n) #% 3 ORI USEHAZLR ¢, & potential vector g(t) =
(91(2), g2(t), g3(t)) ZE-Z %o F3FIC(t)1X C;j = g, /0t I W ER SN,
G-quotient system [FEH 3.1 DL THZ 6N 5,

B, FHAZRK ¢ 1IZIXEBEORENER DD, ¢ 1T ZFNITH LT
EBUGEDAREWED D 5,

3.1.1 G(m,m,3)

_ _,m m m o, m,m m, m m, m
Fo—UIUQU;g, Fl—ul +u2 +U3, FQ—Ul Uoy +U1 Usg +U2 Us

eBL &, FHALAR

1
o /m

THZ6NM5, £72. potential vector I

tl = Fl, t2 :(2\/ﬁ)1/mF07 t3 = F2 — Ff/(élm)

g1 = tits + ts—l— L t g = 1ot —I—Zfzt
1 143 3 1 2<m 1) 2 2 203 142,
1 2 m 1 4 m

7:]:8‘ m = 2@&%6iG(2,2,3) = Ag T D\ ifl\ gldt3+ggdt2+
g3 dty 1ZPAT. 43 (prepotential)

1 1 1 1
g(t) = =(133) + =(t3t3) + —t5 + =(t.113)

2 2 15 2
zHbH,
_9% _ _9 _0g
g1 = oty g2 = oty g3 = ot
D ARVASN

23



3.1.2 G(q,1,3)

Fy=u{+ul+ul, F=ulud+uful+udud, F3=ufudud
LB &, FHAZAR

1 1 1
= —==F tgz—(Fg—&Ff),

(6g)>3" " (6¢)'/° 6g
@:&—%@w@+%£;ﬁ.
THZ6M5, £7z. potential vector I
g1 = tits + W 1+ (=g +2) ity + %té,
g2 = lotz — " = 1;(q L £ + 2q(q3— 2 tits + (—g + 1) tat3,
go= s M2 D e (g o)ty 42 - 1) L1
ThZz6N B,

7;3‘5\\ q = 20D & %Ci G(Z, 1, 3) = Bg VCZ;) D N ifl\ %1 dt3+g2 dt2—|—g3 dtl
\ZBAT. B2 (prepotential)

8 2 1 1 1
A SRSN
e _ Jg _@
g1 = ots’ g2 = oty g3 = ot
AN AIRVASR
3.1.3 Gy
F1 = — QU1U3 +u§,

Fy =V2uy(ud — 1) + 2uyus((ugus)? + (wyus)u + 2ul),
Fy =2v/2us (5(urus)® + 10(uqus)us + 8uy) (uf — ul) — u” — uy’ + 6(uyus)®

— 10(uquz)*ud — 40(uqusz)>uy — 40(uyus)?us.

24



eBL &, FHALAR

51/5 1 1
th=-—-Fh, t2=53/5(F2+ZF13>7 t3=F3—1—6F12(7F13+40F2)-

THZ o605, £7-. potential vector |& prepotential

2 1 1 1 1
g= Mtnngti’tg—§t§t§+§t1t§+§t§t3
IZ&D
91:@ 922@ 932@
(9t3’ 8152’ atl
ThHALND,
3.1.4 Gy

AZRIZKlein iZX DD EHIZEZS5NTWDS

9*F 9*F 9*F
1 8u%8u1 8u%8u2 8u%8u3
_ .3 3 3 _ =
Fy =ujug + uyus +uzuq, Fo = 1l det Bugaul augam 3u%8U3 ,
8’LL38U1 8U3au2 8U3au3
9%F 9%F ’F R
8%%81141 BU%BUQ Bu%8u3 au]_
1 or
_ - Bul 8u a’LLQ 8u BU3 Ousg
8u38u1 8u38uz 8U38U3 Ousg
OFy OFy OFy 0
8u1 8u2 8’“3
ZD & ZEHAZEAIE

ty = 14%7F,  ty = 143YF,,  t3 = Fy — 34F?2F,.

THZo6M5, £7z. potential vector I

1 2
g1 =tits + — 12, gy = otz + = (tt2) — 113,

2
1 2 2
= 124+ — 10+t — S 4yt
gs=ght it 31"

THEzxLN 5,
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3.1.5 (G55, Hessian group

5 ( Uy @)(U?-@(@-@%

Iy (U1 + u2 + u3)((u? + ug + ug)?’ + 216(u1u2u3)3).
B e, FHAZRIT

—6)1/2 5
nz( 2 Fi, ty = (—6)**4F,, @:f@—gﬁ.

THZoN5, 7z, potential vector I& prepotential

£ 33 13 3t

I=95 79 Ty Ty
IZ&D
_9g _ 99 99
g1 = 8t37 g2 = (%g’ g3 = 3t1

ThHZO6NE, ZITHEEITAREZ LIX, IO prepotential IX G(2,2,3)

DENERSFALTHDIENWD Z L, By & By — iI; TEHESHMAD L

G(2,2,3) ® Okubo system 2G5 5, [K-S] DHFTH OB S, S I
FEDRELIERHLTWD

3.1.6 Gy, extended Hessian group

5 (U1 + oy +ud) (u + w4+ ud)? + 216(uyugus)?),

Fy = ((u} — ul)(ud — ud)(u} — ).

LB e EEHAZEAR

1 1 7
mew26@) =+ —FF—

th=6"13F, ty= 63 3. 64

g
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ThHZo6Nhbd, 72, potential vector I%

1, 1, 1, 1, 1, 1.
g1 = tits + §t2 + §t1t2 + gtla g2 = tol3 — §t1t2 + §t1t2 + gtla
1 1 1 1
g3 = §t§ — gtg N Zt‘l‘t2 + gtf;’

THALNS, ZOD potential vector 1 G(3/2,1,3) DENELF LU TH %,
By % By — ¢Is TEEHZ % & G(3/2,1,3) @ Okubo system 53735 41
5, ZOHEED [K-S| THRARZZHFE L WIET 5,

3.1.7 Gy

I :33/QU3(ug — ) — 10uduy — 15(ususus)® + 15uugus + ul,

9*F 3R 3R
1 Ou10uq Ou10us Ou10usg
Fy 9*F 9*F 9*F

:2 . 33 . 53 Ouz0uq Ouz0us 8’!1,28U3 ?
02 F) 02 F) 02 F)
OuzOuq OuzOus OuzOus

9% Fy 9% Fy ’F OF
8’M18’LL1 8U18U2 8U18U3 8’M1
0%F, 8%F, 0%°F  OF
o 1 BUQaul BUQa'UQ augaug aug
37 04.38 .58 | 0% _0%F %R OR|’
Ouzouq OugzOus  Ouzdus Ousg
oF, OB 0R
ouq Ous Ousg

LB EFEHAZEAZ

5/18)%/°
t1 = (5/18)Y°F, ty,= %(—Fﬁ +9F),
43 29 17
t3:F3—5—4F15+§ 13F2_7 1F22

THZ6M5, £7z. potential vector 1%

4 2
g1 = tits + —— 15+ Ztity — 315 — 3,

135 3
40 4 10 5
1 56 160 140 35 21
98 =3f T orhe Ty it mgm il il = 5t
ThHEZzZoNn B,
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