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0. Introduction.

o EIFMBDOEIEZRE _EDFIBHEIE (Frobenius 18E):
Saito, Saito—Yano—Sekiguchi (70’s), Dubrovin ('90 tE)

G C O(V"): BRRBEEHKIRIZIREE, Vc/G = SpecClpy, ..., pi

Thm. (Saito, Saito—Yano—Sekiguchi, Dubrovin)

3 a unique Frobenius str (n, o, e, E) on V¢/G satisfying
the following three conditions:

1. e=0p, (0 REERAER),

2. E= Z(d,’/dg)p,' 80/ (d,' = deg ,O,')

3. RTEZS gh, VD Euc. metric hS5FEIh 3
Ve /G OATE BB ) IE—ET %

g(api ) 8pj) = 77(ap,- ) 8pj o E71)-
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o ZMERIT, almost duality EFEEN 2 EKHH 3.
o g LARIC, HFILWHE « &
Op; * an 1= 0p, © an oE”!

EEHDE, (9,% E, e) & almost Frob. str. IC7:3.
U WE « OEAITTIE E THDZ EITER.

[Dubrovin ’04] 3 duality: Frob. str. = almost Frob.
str.

(n,0,6,E) = (9, E,e)

o Vc/G LD Frob. str. D—&=1:
55D 3 & — dual D almost Frob. str. h% unique
— Vc/G EO Frob. str. H—&.
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BREMBOBESIIESH?

o Kato—Mano-Sekiguchi (2015): existence of “Saito str
(w.o0. metric)” for duality groups (= well-generated

groups).

e Arsie—Lorenzoni (2016): explicit computation for duality
gps of rank < 3.

e Konishi-M.—Shiraishi (2016): existence and
uniqueness of “natural” Saito str based on almost
duality for Saito str.
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Aim of this talk.

1. Almost duality DER=H S, ERIFTMELD “natural”
Saito str DFEE—EMHDOREZENLT 5.

2. (non-duality gp Z& ) £ TR EREMEFEIC
MLUT, BEOREEZSZ 5.

Plan.
61 Almost duality for Saito structure
62 Complex reflection groups
63 Natural Saito structure for complex reflection groups
84 The cases of irreducible non-duality groups



Almost duality
for Saito
structure and
complex
reflection
groups

Satoshi
Minabe

1. Almost duality for Saito structure

References

e Sabbah (2002): /Isomonodromic Deformations and
Frobenius manifolds.

e Dubrovin (2004): On almost duality for Frobenius
manifolds.

e Konishi-M.—Shiraishi (2016): Almost duality for Saito
structure and complex reflection groups.
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swewreand . 1-1. Saito structure (cf.[Sabbah])

complex

o M : acpx mfd, TM: holo tan b'dle of M.

el Def. M £ Saito str (w/o metric) (V, o, e, E) &I,
e flat torsion-free connection V on TM,

e comm. ass. product o on TM with unit e,
e Euler vector field E,
DT, RD 4 F G Z/ITHD.

(S1) [Potentiality] # Cx := xo & End TM DT &EHIc & E,
chy - VyCX - C[X,y]
(S2) Lieg(o) = o, i.e.,

[E,XOy]—[E,X]Oy—XO[E,y]:Xoy.
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Minabe (84) V(VE) = O, |e

Rmk. (FEHDEE)
« potentiality (S1) = #& o @ potential v.f. § B7FIE.
e associativity of o < CxCy = C,Cyx
= “extended WDVV” eq. for g.
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1-2. Almost Saito structure (cf.[KoMiShi])
N : acpx mfd, TN: holo tan b’dle of N.
Def. N £® almost Saito str (V, x, E, e) &I,
o flat torsion-free connection V on TN,
e comm. ass. product « on TN with unit E,
e “almost” Euler vector field e,
DT, RD 4 FHE/THOD.
(AS1) Potentiality: same as (S1).

(AS2) [e,xxy] —[e,x]xy — xx[e,y] = —exxx ).
(AS3)dre C s.t. VxE=rx (VYx € TN).

Rmk. (AS3) @ r % almost Saito str M “RIT” EWS.
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1-3. Almost duality (cf.[Dubrovin], [KoMiShi])

3 Duality SS = ASSI

(1) SS (M, V, 0, e, E) — ASS (N, V, + E, €)

Let (M,V,o,e, E) be aSS. Define

e U(X):=Eox :TM .

e N:={pe M|U is invertible}.

o Xxxy:=UT(xoy).

o Viy =Vxy+rxxy—Vy,E. (reCRER)

Prop. (N,V,x, E, e)isan ASS of dimr.

e VIE, V EoDREZEFR>TWVS.

10/36
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(2) SS (M, V, 0, e, E) « ASS (N, V,+ E, €)

Let (N, V,x, E, e) be an ASS. Define

e T(x):==exx :TNO.

e M:={pe N|T is invertible}.
o xoy =T (xxYy).

o Vxy =Vyy—Vy,e

Prop. (M,V,o,e E)isaSS.

Thm. (almost duality) ASS DRt r Z 1 DEIE T NI,
D (1) & (2) BEWTHERW, i.e.,

11/36
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Tl xxy)=T U (xoy)=xoy.

e HRICAAULT: xxy=T(xoy)=(xoy)xe &b,

ny—onyez va+rX*y—vX*yE
- onye— I’(Xoy)* e+v(XOy)*eE
= ny

B#lcVe=0%bfE-o1.

12/36
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il MI(CV1 ® Cvo

o ‘ Vq Vo
BEMEE o Vi | W Vo
Vo | Vo CiV4 + CoVo

4, t: linear coord.

M = TpM; Vi — 8Qt, = (%I..

V = d (trivial conn), o (LORE—#DH & T), e = 04,

E=¢ 8t1 + tgatz i, M E®d SS.

U(X) =Eox® 8;1, 81‘2 LZBﬁ?%ﬁ?U%ﬁH,

o

t
to

ci
L+ b

|

13/36
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Satoshi e (M,V,o,e E)®Ddual ASS (N,V,x, E, e):
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o N=M\{A =0}
o MOITHIIRTIE

. 1 i + b —cCcib

O x = A [ —t |’
o 1 —cib city

O * = A [ Gt -Gt

i Envﬂi‘;
Vali(ati) = (r— 1)(’),, * 6[]

14/36



Almost duality
for Saito
structure and
complex
reflection
groups

Satoshi
Minabe

2. Complex reflection groups

References

e Shephard—Todd (1954): Finite unitary reflection groups.
e Orlik—=Terao (1992): Arrangements of Hyperplanes.
e Lehrer—Taylor (2009): Unitary Reflection Groups.

15/36
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2-1. Reflection groups and their degrees
VvV =C_".

Def. g € GL(V) ¥ reflection

& g RMUBEBRT, BFEDN L/_IC #1.

n—1

o IR g DEIBME 1 DEFZEM%Z, g D reflection
hyperplane &W5.

Def. G c GL(V) H' complex reflection group
& @G is a finite subgroup generated by reflections.
& C[V]9 =Cxy,..., X
® Xi,...,Xp: basic invariants.
e LT, d:=degx, &BE, dy > b >--->dr £TF 3.
e d; =Bl basic invts DEXD Al & 5%\ (degrees of G).

16/36
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2-2. Discriminants

G C GL(V) a cpx ref gp.
Ag = the set of ref hyperplanes of G

Def. XD Ag & G D discriminant &£W 5.
Ag:= ] Ly eCIVI® =Clx,... xa],
HeAg

where
o [y Vst Kerly =H.
e ey = the order of cyclic subgp of G fixing H pointwise.

17/36
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. . . . _ 2 2
discriminant : Ag = uju;

degrees: di =2, db =2

basic invts %&

y1= U7, yo = U3
ti%:}\‘é:, AG = y1)o.

basic invts %&

X1 = (B 4+ U3)/2, xp= (U2 —ud)/2

EERE, Ag=x2 — X3

18/36
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B12]G=Gs wBP=1w#1,

Sl i w [ ),
2t A

w
G:<2[—1—i —1 4

e degrees: di =6,0d> = 4.
e basic invts:

Xy = WUy —uyuy,  Xxp = U +2iV3uius + uj.

e discriminant :

Ag = (uf—2iV3uZus+us)® = —12V3i(x? -

Rmk. Ag B x; @D 2 2% monic ICE>TW3.

1
1231

X3).

19/36
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2-3. Duality groups

Fact. (Orlik—Solomon, Bessis)
BE#9%R cpx ref gp G € GL(n,C) I U, R®D 3 &I
[FIE.
(i) G may be generated by n reflections.
(i) Ag & xq IZB8L T n & monic.
df <dj <---<d;% GDcodegree EFTBHEE,

d+d=d (Vi)

Rmk. G @ codegree &1, V E®D G-inv poly. v.f. DEIE (basic
derivations) DRED Z &. (LT T EDLL.)

Def. BE#97%: cpx ref gp G D EDRHELRFKEZR/-TEE, G
% duality group (or well-generated) &W5.

20/36
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2-4. 4

BE#97%R cpx ref gp D438 (Shephard—Todd)
e infinite series: G(m,p,n) (m,n> 0,0 < p|m).

 exceptional series: Gg, - - - , Ga7 (5 34 &)

G(m,p,n) = {(01,.0n) € ()" | (61 -+ 02)™P = 1} % Sp
G(m,m,n) < G(m,p,n) < G(m,1,n) = (um)" x Sy
1l (Coxeter gps)
e GO, 1,n) = Anq (BEKI n— 1 REFRICHIE)
G(2,1,n)=B,, G(2,2,n) = Dy,
G(m,m,2) = b(m), G(2,2,2) = Ay x Ay (FI§9)
o Gogz = H3, Gog = F4, G3g = Ha
o Gas = Eg, G3g = E7, G37 = Eg

21/36
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e Duality groups:
e G(m,1,n), G(m, m,n).
o BINBDSE, TD 8 A=< 26 {E.
$5IC, Coxeter gp &£ T duality gp.

o BEf973 non-duality gps:
e G(m,p,n) (1<p<m, plm)
e Gy7,Gi1, Gz, Gis, Gis, Gig, G2z, Gay .
-
rank 2 rank 4

e Duality gp I U T, d; > do.

o Non-duality gp IEX U TIEZ S EIFRS5 L.
(RERIC d) = db £5BEEHHB.)

22/36
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References

Satoshi
nebe e Saito (1979, 1993): On a linear structure of the quotient
variety by a finite reflexion group.

e Saito—Yano—Sekiguchi (1980): On a certain generator
system of the ring of invariants of a finite reflection
group.

e Dubrovin (1993): Geometry of 2D topological field
theories.

e Dubrovin (2004): #ii5.

o Kato—Mano—Sekiguchi (2015): Flat structure on the
space of isomonodromic deformations.

e Konishi—-M.—Shiraishi (2016): ##5.
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3-1. Settings

G CGL(V)acpxrefgp. (V=C").

C[V]® = C[x1, ..., Xn]
e m:V — Mg :=SpecC[xq,...,Xp| : the orbit map
o 7l& Ag =0 THRIKYT S |Gl|-fold covering.

T 4 — Mg

U U

UneacH — {Bg =0}

Bl. G= A1 x A, xy = (U2 +13)/2, xp = (U2 — u3)/2.

o m:V=C%3p— (xi(p), x2(p)) € C* = M.

2

o m: VO {uitp =0} = {Ag = X2 — x5 =0} C Mg.

24/36
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e Mg = SpecClxy, ..., xn] E£D vector fields:

Py - —_— I .
Dy, = 7 E .= Z a)(,<9X,,.

L NG = MG\{AG: O}

o VV: TV LD trivial conn iS5 ek > THEEIh 3
TNg L@ flat torsion-free conn.

Def. (1) Ng ED “natural” ASS (V,x, E, e) &I,
e V=V, E=3 Ixox,
e ¢ is a vector field of deg —d;,
THBIRILr=1/di DASSDZEELTS.

(2) Mg E®D SS H' “natural” := FXFD ASS D’ “natural”.

25/36
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(i) dp > 1.
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Minabe

o (i)l VH GOEBRRZESXLEWVWEWVWSZ

o BEIAR GITW LTI, (i) IFEENMIICRRIZL,
(i) BEXILT B < G B’ duality gp.

o GHBEEITRVERIR, (i) BKILT B E S HM basic
invts DEXD FICEREFT 5. (cf. Aj x A; DFI.)

26/36
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Main Thm. (Konishi—-M.—Shiraishi)

R (i), (i) D FTRHOERIL.
1. Mg EIZ natural SS (V, 0, e, E) B FET 3.
2. &M SS & polynomial (i.e. V-flat % basic invts H®
FEL, ZnICBET 2HOBEEHHZIEN) TH S.
3. dy > db B2 5IE, natural SS & unique (up to
equivalence) T#%H 3.

o Ghiduality gp DIBED 1,2 [& Kato—Mano—-Sekiguchi
DIER. OB 3 DRGEZEF/L, —EHEBALIL

o KRAFREAEI (G-quotient system)
< Dual il VY DKFELIRTD AN,
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TR E, VY QRGNS BV S o £RBNICH
i U, (V,0,6, E) ' SS THB I LERY. DAL, =

SEARBEDIZS DAL (Saito, Dubrovin) £/XZ L L.

2. RIT, FDOWAH natural ASS (VY. x,E,e) THBZ &
ZRY.

Step 1 DR
o Ag=xX"+Ax" 4. EFB. (A1 €Clxg, ..., Xp))
e VY D {0} KT BTIRTE Q, LTBE,

AGQQ € C[X‘] P ,Xn]nxn.

28/36
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&9%. fEL, T, D,y € Clxa, ..., xp)™".

o {R7E (i) = AgdetQy =detDy = [[ 5% #0. £ T,
D; & Mg £T, Q4 l& Ng £, ZhEn i,

s BIEVEI, T, ®Wo%C, =D '(D, — AT,) TED,
e=0, £T3BE, (V,0,6E)IESS k3.
GE: di > db B5IE e I& unique up to const.)
Step 2
e Ui=Y %x,Co=07"D £E12D, detU = Ag. KD
EGEN VY THBILHEETES.

29/36
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—Rit
o O(x)=VY(e): TNg © DITFIRTRIF Q. &2 T O,
R7E (i), (i) DT THE.
o Recall (AS4):

VeV v %
VyVye— Vvyye =—=V,ye.

&o T ODAHERS,

xxy=-Q " (V/V/ e)+Vyl|

e ZN&D, e B—EKS natural ASS [F—& (& « B ERX

TRED). WL D, natural SS H—&.

30/36
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G:A1 ><A1, AG:X12—X22

ALy = [—1/2 0 }x1+[ 0 x2/2]

0 —1/2 X/2 0
Dy
o 12 X/2 0
AGQZ‘[—Uz O}X“L[o x2/2]
—_—
D,

e [{=l>=0 = xq,xo: flat coord.
o Ci=D;'Dy =1d = 0y, unit
0 1

. 02297102:[1 0

:| :>a)(208)(2:ax1.

o Thid, §1-3 DREDBIT, ¢ =1,0=0,r=1/dy =1/2®
SalcioTW3.

31/36
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G: G4, AG:X12— 121/§ng (d1 :6, d2=4)

[-5/6 0 B
Dy
_ 15 5 ,X2 O
A = ?2 96\0/51')(2 X1 + 48\/31 2 x2]
-1/ 16372
D,
° F1 = rg = O
V3
) Cz f D‘]_1 D2 — (1) 16([))(2] E an [e) 8)(2 = %Xza)“

32/36
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4. The cases of irreducible non-duality groups

o BE#97% non-duality gps:
* G(m,p,n) (1 <p<m, p|m)
° G7> G11,G12, G13a G15a G197 G22= GS1 .
~

rank 2 rank 4

(A) di > db; Agisofdeg nin xy but not monic.

e G(m,p,n) TIEL, (m, p,n)+# (2k,2,2).
e Gis

(B) di = d>; Agisofdeg nin x; but not monic.

. G(2k,2,2) (k > 1)
e G7,Gi1,Gyg

(C) di > db; Agismonicin xq but of deg n+ 1.
e Gi2, Gi3, G2z, G31

33/36
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Thm. (Konishi—M.—Shiraishi)
e If Gis of type (A), 3 unique natural SS (V, o, e, E)
on Mg. This SS is not polynomial and V has log
pole along the discriminant divisor.

e If Gis of type (B), 3 three natural SS’s on Mg (up
to equiv.). These SS’s are not polynomial and
connections are logarithmic.

e If Gis of type (C), 3 no natural SS on Mg.

e (A) I&, %% duality gp K <« G BEFEL T, KEIDIEHE
Mg — Mg IE& > T SSHFEBINS. Bo ld Mg EFTER
Shadb, #ifi V 32 IEEFIC log pole Z#5D.

e B)IF, e DD AN IEEHZ. £T (A) &EAKDKE DI
BETHEEINhS.

e (C) IF, natural ASS HFELABWV EDTRES.

34/36
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Xy = (U1 Ug)m + (U2U1 )m + (U3U1 )m’

Xo = U + U + Uy, X3 = UjlalUs.
/P

Basicinvts of G: X1, X2, y3= X5
e Ag = y3Ak.

o My — Mg : (X1, X2, Xs) — (X1, %2, X5/P) i, {y3 = 0} T
KT B 1 p-cOvering.

e Natural SS on M is pi, p-invariant. Hence induces that
on MG-

35/36
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Satoshi e Induced SS on Mg is not polynomial and V has log
Minabe pole along y3 = 0.

e Flat coord on M:

L = X4 —|—const-x22, =X, B3=Xxs.

e Flat coord on Mg:

4 = X1 + const - X22, =X, 3= yg/m-

36/36



