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߸ه
k : ඪ਺ p > 0ͷ୅਺తดମ
X : k্ͷ n࣍ݩඇಛҟࣹӨ୅਺ଟ༷ମ
OX : X ͷ structure sheaf

Ωi
X : ਖ਼ଇ i-ࣜܗͷժͷͳ͢ sheaf

ωX : X ্ͷ dualizing sheaf, ωX = Ωn
X

ΘX : X ͷ tangent sheaf

NS(X) : X ͷNéron-Severi group, i.e. NS(X) = {divisors/algebraic equivalence}
Wm(k) : ௕͞mͷWitt vectorsͷͳ͢؀
Wm(k) = {(a0, a1, · · · , am−1) | ai ∈ k}
(࿨ͱੵ͸ී௨ͷ΋ͷͰ͸ͳ͍!)

σ : Wm(k) −→Wm(k) : Frobenius

(a0, a1, · · · , am−1) $→ (ap0, a
p
1, · · · , a

p
m−1)

V : Wm(k) −→Wm(k) : Vershiebung

(a0, a1, · · · , am−1) $→ (0, a0, a1, · · · , am−1)
R : Wm(k) −→Wm−1(k) : restriction

(a0, a1, · · · , am−1) $→ (a0, a1, · · · , am−2)
W = W (k) = lim

←
R

Wm(k) : Witt ring

͜ͷ؀͸ p-ਐ؀Ͱ͋Δ. (p)ΛۃେΠσΞϧͱ͢Δہॴ؀, discrete valuation ring

H i(X,W (OX)) = lim
←

H i(X,Wm(OX)) : Witt vectorsͷ؀ͷͳ͢૚܎਺ͷ cohomology

H i
et(X,Q!) : (i-࣍)#-adic étale cohomology (# %= p)

H i
et(X,Z!) = lim

←
H i

et(X,Z/#mZ), H i
et(X,Q!) = H i

et(X,Z!)⊗Z! Q!

bi(X) = dimQ! H
i
et(X,Q!) : Betti਺
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•ਖ਼ඪ਺ʹ͓͍ͯ͸, Q܎਺, Qp܎਺, R܎਺ͷྑ͍ίϗϞϩδʔཧ࿦͸ଘ͠ࡏͳ͍ (J.-P.

Serre)

΋͠, ͦͷΑ͏ͳཧ࿦H i(X,F ) (F͸Q, Qpຢ͸R)͕ଘ͢ࡏΔͱ͢Δ.

EΛ supersingular elliptic curveͱ͢Δ.

End(E)⊗Z Q͸Q্ͷ quaternion division algebra

pͱ∞Ͱ෼͢ذΔʢ؀ྻߦʹͳΒͳ͍ʣ.

i.e. dimQ End(E)⊗Z Q = 4

ΛΈΕ͹ݱϕΫτϧۭؒH1(E,K)΁ͷදݩ2࣍

End(E)⊗Z K ∼= M2(F )

ͱͳͬͯໃ६
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ͦ͜Ͱ, Witt܎؀਺ͷίϗϞϩδʔ܈Λ͑ߟΔ.

=⇒ crystalline cohomology H∗cris(X/W ) (p-ਐίϗϞϩδʔ)

H i
cris(X/W ) := lim

←
H i

cris(X/Wm(k))

͜Ε͸, de Rham cohomologyͷ ”ҰൠԽ”

H i
dR(X/W ) = H i

cris(X/W1(k)) = H i
cris(X/k)

ϙΠϯτ 1. F : X −→ X (absolute Frobenius)͕H i
cris(X/W .Δ͢༺࡞ʹ(

p-th powerͳͷͰ F ͷݻ༗஋͸ҙຯ͕ͳ͍͕, ༗஋ͷݻ p-ਐ෇஋͸ҙຯ͕͋Δ
=⇒ slope

I Λ۠ؒͱͯ͠ slope͕ I ʹೖΔ෦෼Λ (H i
cris(X/W )⊗W K)I ͱॻ͘.

• (H i
cris(X/W )⊗W K)[0,0] ∼= H i

et(X,Qp)⊗Q! K

• (H i
cris(X/W )⊗W K)[0,1) ∼= H i(X,W )⊗W K

ϙΠϯτ 2. X ͕W ্ͷࣹӨ୅਺ଟ༷ମ X̃ ʹ্͕࣋ͪΕ͹ (i.e. X̃ ⊗W k ∼= X)

H i
dR(X̃/W ) ∼= H i

cris(X/W )

ϙΠϯτ 3 (universal coefficient formula).

0 −→ H i
cris(X/W )⊗W k −→ HdR(X/k) −→ TorW1 (H i+1

cris(X/W ), k) −→ 0

ͱ͘ʹ, H i+1
cris(X/W )͕ torsion freeͳΒH i

cris(X/W )/pH i
cris(X/W ) ∼= HdR(X/k).

ϙΠϯτ 4. bi(X) = rank H i
cris(X/W )

4
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K3ۂ໘ͷෆมྔ
X: K3ۂ໘
⇐⇒ ωX

∼= OX ͔ͭH1(X,OX) = 0

X : K3ۂ໘ͱ͢Δ.

ఆཧ (topology)

b0(X) = b4(X) = 1, b1(X) = b3(X) = 0, b2(X) = 22

ͱ͘ʹ, c2(X) = c2(Ttheta(X)) = 24.

H1(X,OX) = 0͸ Pic0(X)ͷ tangent space

,ʹނ Alb(X) = dual of (Pic0(X))red = 0

ʹނ b1(X) = 2 dimAlb(X) = 0. Poincaré dualityͰ b3(X) = 0

Neotherͷެࣜ 2 = χ(OX) = {K2
X + c2(X)}/12ΑΓ

24 = c2(X) =
∑4

i=0 bi(X) = 2 + b2(X)

,ʹނ b2(X) = 2

ఆཧ (Rudakov-Shafarevich, 1976) H0(X,ΘX) = 0

ఆཧ (Hodge diamond)

dimH0(OX)

dimH0(Ω1
X) dimH1(OX)

dimH0(Ω2
X) dimH1(Ω1

X) dimH2(OX)

dimH1(Ω2
X) dimH2(Ω1

X)

dimH2(Ω2
X)

=

1

0 0

1 20 1

0 0

1

ΘX
∼= Ω2

X ⊗ΘX
∼= Ω1

X ΑΓ

H0(Ω1
X) ∼= H0(Θ1

X) = 0

H2(Ω1
X) ∼= H0(Θ1

X) = 0 (Serre duality)

Grothndieck-HirzebruchͷRiemann-Rochͷఆཧ͔Β

χ(Ω1
X) = rankΩ1

Xχ(OX) +
1

2
{c1(Ω1

X) · (c1(Ω1
X)− ωX)}− c2(ΩX) = 4 + 0− 24 = −20

͔ͩΒ, dimH1(Ω1
X) = 20.

ఆཧ Hodge-to-de Rham spectral sequence

Ei,j
1 = Hj(X,Ωi

X)⇐= H i+j
dR (X)

͸E1-termͰ degenerate

H2(ΘX) ∼= H0(ωX ⊗ Ω1
X) ∼= H0(ΘX) = 0 ΑΓX ͷ deformation͸ unobstructed

Αͬͯ, X ͸ formalʹW ʹ liftͰ͖Δ. ͱ͘ʹ, W2(k)ʹ liftͰ͖Δ.

5

K3 surfaceͷෆมྔ
X : ඇಛҟࣹӨ୅਺ۂ໘
X ɹ: K3 surface

⇐⇒ ωX
∼= OX ͔ͭH1(X,OX) = 0

X : K3 surfaceͱ͢Δ.

ఆཧ (topology)
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Neotherͷެࣜ 2 = χ(OX) = {K2
X + c2(X)}/12ΑΓ

24 = c2(X) =
∑4

i=0 bi(X) = 2 + b2(X)

,ʹނ b2(X) = 2

ఆཧ (Rudakov-Shafarevich, 1976) H0(X,ΘX) = 0

ఆཧ (Hodge diamond)

dimH0(OX)

dimH0(Ω1
X) dimH1(OX)

dimH0(Ω2
X) dimH1(Ω1

X) dimH2(OX)

dimH1(Ω2
X) dimH2(Ω1

X)

dimH2(Ω2
X)

=

1

0 0

1 20 1

0 0

1

ΘX
∼= Ω2

X ⊗ΘX
∼= Ω1

X ΑΓ

H0(Ω1
X) ∼= H0(Θ1

X) = 0

H2(Ω1
X) ∼= H0(Θ1

X) = 0 (Serre duality)

Grothndieck-HirzebruchͷRiemann-Rochͷఆཧ͔Β

χ(Ω1
X) = rankΩ1

Xχ(OX) +
1

2
{c1(Ω1

X) · (c1(Ω1
X)− ωX)}− c2(ΩX) = 4 + 0− 24 = −20

͔ͩΒ, dimH1(Ω1
X) = 20.

ఆཧ Hodge-to-de Rham spectral sequence

Ei,j
1 = Hj(X,Ωi

X)⇐= H i+j
dR (X)

͸E1-termͰ degenerate

H2(ΘX) ∼= H0(ωX ⊗ Ω1
X) ∼= H0(ΘX) = 0 ΑΓX ͷ deformation͸ unobstructed

5

K3 surfaceͷෆมྔ
X : ඇಛҟࣹӨ୅਺ۂ໘
X ɹ: K3 surface

⇐⇒ ωX
∼= OX ͔ͭH1(X,OX) = 0

X : K3 surfaceͱ͢Δ.

ఆཧ (topology)

b0(X) = b4(X) = 1, b1(X) = b3(X) = 0, b2(X) = 22.

ͱ͘ʹ, c2(X) = c2(ΘX) = 24.

H1(X,OX) = 0͸ Pic0(X)ͷ tangent space

,ʹނ Alb(X) = dual of (Pic0(X))red = 0

ʹނ b1(X) = 2 dimAlb(X) = 0. Poincaré dualityͰ b3(X) = 0
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ਖ਼ඪ਺ͷ୅਺زԿͷڀݚ

1. ඪ਺ 0Ͱ੒Γཱͭ͜ͱΛਖ਼ඪ਺Ͱ͢ڀݚΔ

2. ඪ਺ 0ʹͳ͍ݱ৅Λ͢ڀݚΔ

ɹ

಺༰

(1) Ξʔϕϧଟ༷ମʢabelian variety)ͱͦͷϞδϡϥΠۭؒ

(2) ୯༗ཧۂ໘

(3) K3ۂ໘ (K3 surface), Calabi-Yau manifold

(4) ΤϯϦέεۂ໘ (Enriques surface)

ਖ਼ඪ਺ͷੈքͰͲͷΑ͏ͳ͜ͱ͕͞ڀݚΕͲͷΑ͏ͳ໰୊͕͋Δ͔

पลΛ঺հ͢Δ͖ͨͯ͠ڀݚͷࢲ

ҎԼɺ୅਺తดମ k্Ͱ͑ߟΔ.

1 ඪ਺0ͱඪ਺ p > 0

ඪ਺ p > 0ͷಛ௃

•ඍ෼ dxp = pdxp−1 = 0

•ੵ෼
∫
xp−1dx͕Ͱ͖ͳ͍

•Frobeniusࣸ૾ F : x !→ xp ͕ʮ४ಉ૾ࣸܕʯʹͳΔɹɹɹɹɹ

ఆཧ (Cartierͷఆཧ)

ඪ਺ p = 0ͱ͢Ε͹, k্ͷ܈εΩʔϜ͸ඇಛҟͰ͋Δ.

p > 0Ͱ͸ Cartierͷఆཧ͸ͳΓͨͨͳ͍.

ྫ 1

µp = Speck[x]/(xp) ⊂ Gm (৐๏܈)

x !→ x1 ⊗ 1 + 1⊗ x2 + x1 ⊗ x2

local-global group scheme

ྫ 2

αp = Speck[x]/(xp) ⊂ Ga (Ճ๏܈)

x !→ x1 ⊗ 1 + 1⊗ x2

local-global group scheme

ਖ਼ඪ਺Ͱ͸ɺ͜ͷΑ͏ͳ non-reducedͳ͑࢖͕܈Δ!

ʢFormal܈ࣜܗ groupʣ

x1, x2, · · · , xn, y1, y2, · · · , yn:ม਺
fi(x1, x2, · · · , xn, y1, y2, · · · , yn) (i = 1, 2, · · · , n): ମ k্ͷࣜܗత΂͖ڃ਺

ϕΫτϧه߸Λ༻͍ͯ x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn)ͱ͓͘.

f(x,y)͕

(i) f(x,y) = x+ y+ ͷ߲࣍ߴ

(ii) f(x, f(y, z)) = f(f(x,y), z)
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ΛΈͨ͢ͱ͖, f(x,y)ΛՄ܈ࣜܗ׵๏ଇ, ͋Δ͍͸Մ܈ࣜܗ׵,

͋Δ͍͸Մࣜܗ׵ Lie܈ͱ͏ݴ.

ঢ়໌͕گΒ͔ͳͱ͖͸୯ʹ܈ࣜܗͱ͍͏.

n:܈ࣜܗͷ࣍ݩͱ͍͏.

εΩʔϜࣜܗ• Spf k[[x1, x2, · · · , xn]]ͷߏ܈଄Λ༩͍͑ͯΔ.

x ! y = f(x,y)ͱ͓͘.

ͷ܈ࣜܗ pഒࣸ૾͕

ψ(x) = x ! x ! · · · ! x (pճ)

Ͱఆٛ͞ΕΔ.

ψ : k[[x1, x2, · · · , xn]] −→ k[[x1, x2, · · · , xn]]

ఆٛ

k[[x1, x2, · · · , xn]]͕, ψΛͱ͓ͯ͠ finite rankͷࣗ༝ k[[x1, x2, · · · , xn]]Ճ
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pഒࣸ૾ [p](x)

[p](x) = 0,·ͨ͸ [p](x) = axph

ͷ߲࣍ߴ+ (a ∈ k, a "= 0)

[p](x) = 0ͷͱ͖܈ࣜܗͷϋΠτ͸∞Ͱ͋Δͱ͍͍,
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:܈ࣜܗݩ࣍̍
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Ͱ༩͑ΒΕΔ. ͦͷϋΠτ͸, [p](x) = px = 0Ͱ͋Δ͔Β, ∞Ͱ͋Δ.
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f(x, y) = x+ y + xy

Ͱ༩͑ΒΕΔ. ͦͷϋΠτ h͸ [p](x) = xp Ͱ͋Δ͔Β h = 1Ͱ͋Δ.

ઢͷ৔߹ɿۂͰड़΂Δପԁޙ

•௨ৗପԁۂઢϋΠτ = 1

•௒ಛҟପԁۂઢͷϋΠτ = 2

ʢFormal܈ࣜܗ groupʣ

x1, x2, · · · , xn, y1, y2, · · · , yn:ม਺
fi(x1, x2, · · · , xn, y1, y2, · · · , yn) (i = 1, 2, · · · , n): ମ k্ͷࣜܗత΂͖ڃ਺

ϕΫτϧه߸Λ༻͍ͯ x = (x1, x2, · · · , xn), y = (y1, y2, · · · , yn)ͱ͓͘.

f(x,y)͕

(i) f(x,y) = x+ y+ ͷ߲࣍ߴ

(ii) f(x, f(y, z)) = f(f(x,y), z)

(iii) f(x,y) = f(y,x)

ΛΈͨ͢ͱ͖, f(x,y)ΛՄ܈ࣜܗ׵๏ଇ, ͋Δ͍͸Մ܈ࣜܗ׵ͱ͏ݴ.

ঢ়໌͕گΒ͔ͳͱ͖͸୯ʹ܈ࣜܗͱ͍͏.

n:܈ࣜܗͷ࣍ݩͱ͍͏.

εΩʔϜࣜܗ• Spf k[[x1, x2, · · · , xn]]ͷߏ܈଄Λ༩͍͑ͯΔ.

•୅਺܈ʹରͯ͠, ྵ఺ͷۙ๣ʹ͓͍ͯͦͷ܈ԋࢉΛ਺ࣜͱͯ͠ଊ͑Ε͹

.ΛಘΔ܈ࣜܗ

n = 1ͱ͢Δ.

pഒࣸ૾ [p](x)

[p](x) = 0,·ͨ͸ [p](x) = axph

ͷ߲࣍ߴ+ (a ∈ k, a "= 0)

[p](x) = 0ͷͱ͖܈ࣜܗͷϋΠτ͸∞Ͱ͋Δͱ͍͍,

ͷϋΠτ͸܈ࣜܗͷͱ͖͸ऀޙ hͰ͋Δͱ͍͏.

:܈ࣜܗݩ࣍̍

ඪ਺ 0ͷ࣌, Ճ๏܈Ga ͷ܈ԋ͔ࢉΒಘΒΕΔ܈ࣜܗ Ĝa ͱ͢΂ͯಉܕ
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DieudonnéՃ܈

Ak = W (k)(F, V )

F : Frobenius, V : Vershiebung

W (k): ௕͞∞ͷWitt vectorsͷ؀

σ: W (k)ͷ Frobenius, σ : (a0, a1, · · · ) "→ (ap0, a
p
1, · · · )

ࣜ܎ؔ

FV = V F = p, Fa = aσF, V a = aσ
−1

(a ∈W (k))

A = lim
←

Ak/p
nAk

ఆٛ W (k)Ճ܈ͱͯ͠༗ݶੜ੒ͳࠨ AՃ܈Λ DieudonnéՃ܈ͱ͍͏.

C: Մ܈ࣜܗ׵ͷݍ
D: DieudonnéՃ܈ͷݍ

ఆཧ C ͔Β D΁ͷݍ΁൓มಉ஋D͕ଘ͢ࡏΔ.

஫ҙڞมಉ஋΋ଘ͠ࡏ Tapis de Cartierͱݺ͹ΕΔ.

͸ࢉܭͷ܈ࣜܗ DieudonnéՃ܈Λ༻͍ͯ۩ମతʹͳ͞ΕΔ.
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•೚ҙͷ formal group͸ Gm,n ͷ௚࿨ʹ isogenousʹͳΔ.

ίϗϞϩδʔ܈

ඪ਺ p > 0Ͱ͸Q܎਺ͷΑ͍ίϗϞϩδʔཧ࿦Λߏ੒Ͱ͖ͳ ʢ͍J.-P. Serre)

E: ௒ಛҟପԁۂઢ

B = End(E)⊗Z Q

Q্ͷ quaternion division algebra, ∞ͱ pͰ෼ذ

΋͠, Q্ͷྑ͍ίϗϞϩδʔཧ࿦͕͋Ε͹, ୯ࣹ४ಉ૾ࣸܕ

ϕ : B ←↩ End(H1(E,Q)) ∼= M2(Q)

͕ଘ͢ࡏΔ͸ͣ.
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$: ૉ਺, $ )= p

•$ਐཧ࿦: étale colomology Hi(X,Q")

•pਐཧ࿦: crystalline cohomology Hi
crys(X)

ίϗϞϩδʔཧ࿦ͱͯ͠͸͠͹͠͹͜ΕΒ͕༻͍ΒΕΔ.



Dieudonné ring

D(k) = {x0 +
∞∑

i=1

xiV
i +

<∞∑

i=0

yiF
i | xi, yi ∈W (k)}

ͨͩ͠, Fx = σ(x)F , V σ(x) = xV , FV = V F = p

ఆٛ D(k)্ͷmodule M ͕ reduced D(k)-moduleͱ͸

(i) V ͸ injective

(ii) M (n) = V nM Λ 0ͷ։ۙ๣ͷجͱͯ͠, M ͸ complete, Hausdorff.

ɹɹɹ͢ͳΘͪ, M = lim
←

M/M (n).

(iii) M/VM ͸༗ݩ࣍ݶ k-vector space.

͜ͷD(k)-module M Λ Cartier-Dieudonné moduleͱ͍͏.

ఆཧɹ
FG : k্ͷ formal groupͷ category

CD : Cartier-Dieudonné moduleͷ category

Categoryͷ covariant functor

FG −→ CD

͕ଘ͠ࡏ, categoryͷ equivalenceΛ༩͑Δ (Tapis de Cartier).
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Categoryͷ covariant functor

FG −→ CD

͕ଘ͠ࡏ, categoryͷ equivalenceΛ༩͑Δ (Tapis de Cartier).

10

Dieudonné ring
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Artin-Mazur܈ࣜܗ

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ. ମ k্ͷہॴ Artin୅਺RͰͦͷۃେΠσ

ΞϧΛmͱ͢Δͱ͖ R/m ∼= kͱͳΔ΋ͷͷͳ͢ݍΛ Art, Abel܈ͷͳ͢ݍ

Λ Abͱ͢Δ. Artͷର৅ Rʹର͠, ࣗવͳೖࣹ

fR : X ∼= X ×Spec k Spec k ↪→ X ×Spec k R

Λ͑ߟΕ͹, ͜ͷೖࣹ͸ΤλʔϧίϗϞϩδʔͷࣸ૾

f∗
R : Hi

et(X ×Spec k R,Gm) −→ Hi
et(X,Gm)

ΛҾ͖͢͜ى. ؔख

Φi
X : Art −→ Ab

R %−→ Ker f∗
R

Λ͑ߟΔ. ͜ͷؔखͷදݱՄೳੑʹ͍ͭͯ, ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ. Hi−1(X,OX) = 0͔ͭ Hi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ, ͦͷ઀ۭؒ͸

Hi(X,OX)ʹಉܕͰ͋Δ.

ఆཧ

Φi
X ,Մೳͷͱ͖ݱͰલද܈ࣜܗ͕ ͦͷ܈ࣜܗΛArtin-Mazur܈ࣜܗͱ͍

͍, ͼ࠶ Φi
X ͱॻ͘. ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗత Brauer

.ͱ͍͏܈

XΛK3ۂ໘ͱ͢Ε͹, dimH2(X,OX) = 1Ͱ͋Δ͔Β, XͷࣜܗతBrauer

܈ Φ2
X ͸ Ͱ͋Δݩ1࣍ (ఆཧ .(রࢀ?? ͦͷϋΠτΛ hͱ͢Ε͹, h͕༗ݶͷ

ͱ͖͸໋୊ ??ͷ݁ՌΑΓ͞Βʹ͘ڧ

b2(X)− 2h ≥ ρ(X)

͕੒Γཱͭ (Illusie [?]). K3ۂ໘ͷࣜܗత Brauer܈ͷϋΠτͱ Picard਺ͷ

,͍ͯͭʹ܎ؔ ࣍ͷ݁Ռ͸ Artin༧૝ͱݺ͹Ε͍͕ͯͨ, Maulik [?], Charles

[?], Pera [?], Kim-Pera [?]౳ʹΑͬͯղܾ͞Εͨ1.

ఆཧ
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1͜ͷఆཧ͔Β༗ݶମ্ఆٛ͞ΕͨK3ۂ໘ʹର͢ΔTate༧૝͕ै͏ (Nygaard [?], Nygaard-
Ogus [?]). Tate ༧૝͸ॏཁͳ༧૝Ͱ͋Δ͕, ࿩୊͕ຊॻͷ࿮Λ௒͑ΔͷͰ͜͜Ͱ͸ѻΘͳ͔ͬ
ͨ (Totaro [?] .(রࢀ

Artin-Mazur܈ࣜܗ

X : ඇಛҟࣹӨଟ༷ମ

Art : ମ k্ͷہॴ Artin୅਺ RͰͦͷۃେΠσΞϧΛmͱ͢Δͱ͖

R/m ∼= kͱͳΔ΋ͷͷͳ͢ݍ

Ab : Abel܈ͷͳ͢ݍ

Artͷର৅ Rʹର͠, ࣗવͳೖࣹ

fR : X ∼= X ×Spec k Spec k ↪→ X ×Spec k R

Λ͑ߟΕ͹, ͜ͷೖࣹ͸ΤλʔϧίϗϞϩδʔͷࣸ૾

f∗
R : Hi

et(X ×Spec k R,Gm) −→ Hi
et(X,Gm)

ΛҾ͖͢͜ى.

ؔख
Φi

X : Art −→ Ab

R %−→ Ker f∗
R

Λ͑ߟΔ.

͜ͷؔखͷදݱՄೳੑʹ͍ͭͯ, ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ.

Hi−1(X,OX) = 0͔ͭ Hi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ,

ͦͷ઀ۭؒ͸ Hi(X,OX)ʹಉܕͰ͋Δ.

ఆཧ

Φi
X ,Մೳͷͱ͖ݱͰલද܈ࣜܗ͕ ͦͷ܈ࣜܗΛArtin-Mazur܈ࣜܗͱ͍

͍, ͼ࠶ Φi
X ͱॻ͘. ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗత Brauer

.ͱ͍͏܈

XΛK3ۂ໘ͱ͢Ε͹, dimH2(X,OX) = 1Ͱ͋Δ͔Β, XͷࣜܗతBrauer

܈ Φ2
X ͸ Ͱ͋Δݩ1࣍ (ఆཧ .(রࢀ?? ͦͷϋΠτΛ hͱ͢Ε͹, h͕༗ݶͷ

ͱ͖͸໋୊ ??ͷ݁ՌΑΓ͞Βʹ͘ڧ

b2(X)− 2h ≥ ρ(X)

͕੒Γཱͭ (Illusie [?]). K3ۂ໘ͷࣜܗత Brauer܈ͷϋΠτͱ Picard਺ͷ

,͍ͯͭʹ܎ؔ ࣍ͷ݁Ռ͸ Artin༧૝ͱݺ͹Ε͍͕ͯͨ, Maulik [?], Charles

[?], Pera [?], Kim-Pera [?]౳ʹΑͬͯղܾ͞Εͨ1.

ఆཧ

1͜ͷఆཧ͔Β༗ݶମ্ఆٛ͞ΕͨK3ۂ໘ʹର͢ΔTate༧૝͕ै͏ (Nygaard [?], Nygaard-
Ogus [?]). Tate ༧૝͸ॏཁͳ༧૝Ͱ͋Δ͕, ࿩୊͕ຊॻͷ࿮Λ௒͑ΔͷͰ͜͜Ͱ͸ѻΘͳ͔ͬ
ͨ (Totaro [?] .(রࢀ

Artin-Mazur܈ࣜܗ

X : ඇಛҟࣹӨଟ༷ମ

Art : ମ k্ͷہॴ Artin୅਺ RͰͦͷۃେΠσΞϧΛmͱ͢Δͱ͖

R/m ∼= kͱͳΔ΋ͷͷͳ͢ݍ

Ab : Abel܈ͷͳ͢ݍ

Artͷର৅ Rʹର͠, ࣗવͳೖࣹ

fR : X ∼= X ×Spec k Spec k ↪→ X ×Spec k R

Λ͑ߟΕ͹, ͜ͷೖࣹ͸ΤλʔϧίϗϞϩδʔͷࣸ૾

f∗
R : Hi

et(X ×Spec k R,Gm) −→ Hi
et(X,Gm)

ΛҾ͖͢͜ى.

ؔख
Φi

X : Art −→ Ab

R %−→ Ker f∗
R

Λ͑ߟΔ.

͜ͷؔखͷදݱՄೳੑʹ͍ͭͯ, ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ.

Hi−1(X,OX) = 0͔ͭ Hi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ,

ͦͷ઀ۭؒ͸ Hi(X,OX)ʹಉܕͰ͋Δ.

ͦͷ covariant (Cartier-)Dieudinne module͸Hi(X,W (OX)Ͱ༩͑ΒΕΔ.

ఆٛ

Φi
X ,Մೳͷͱ͖ݱͰલද܈ࣜܗ͕ ͦͷ܈ࣜܗΛ Artin-Mazur܈ࣜܗͱ

͍͍, ͼ࠶ Φi
X ͱॻ͘.

ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗతBrauer܈ͱ͍͏.

X Λ K3ۂ໘ͱ͢Δ.

H3(X,OX) = 0͔ͭ H1(X,OX) = 0Ͱ͋Δ͜ͱ,

·ͨ, dimH2(X,OX) = 1Ͱ͋Δ͔Β,

K3ۂ໘XͷࣜܗతBrauer܈Φ2
X ͸ ݩ1࣍ formal groupͰ prorepresentable

h(X) < ∞ͳΒ͹ ρ(X) ≤ b2(X)− 2h(X) (L. Illusie)

K3ۂ໘ͷ৔߹ b2(X) = 22ΑΓ, 1 ≤ h(X) ≤ 10·ͨ͸ h(X) = ∞ͱͳΔ.

h(X) = 1ͷͱ͖, X Λ ordinary K3 surface,

h(X) = ∞ͷͱ͖,X Λ௒ಛҟ K3ۂ໘ (supersingular K3 surface)ͱ͍͏.

ρ(X) = 22ͱͳΔ K3ۂ໘ΛԘాͷҙຯͷ௒ಛҟ (supersingular) Ͱ͋Δͱ

͍͏.

༧૝ (Artin) ௒ಛҟͱԘాͷҙຯͷ௒ಛҟ͸ಉ஋Ͱ͋Δ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ.

Hi−1(X,OX) = 0͔ͭHi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ,

ͦͷ઀ۭؒ͸Hi(X,OX)ʹಉܕͰ͋Δ.

ͦͷ Cartier-Dieudinne module͸H i(X,W (OX))Ͱ༩͑ΒΕΔ.

ఆٛ
Φi
X͕܈ࣜܗͰલදݱՄೳͷͱ͖, ͦͷ܈ࣜܗΛArtin-Mazur܈ࣜܗͱ͍͍, ͼΦi࠶

X

ͱॻ͘.

ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗతBrauer܈ͱ͍͏.

Frobenius map͸Hn(X,W (OX))ͷ্ʹ࡞༻͢Δ.

͜ͷͱ͖,

h(X) = dimHn(X,OX) + dimHn(X,W (OX))/FHn(X,W (OX))

͕੒Γཱͭ (M. Artin-B. Mazur, L. Illusie, G. van der Geer-T. Katsura).
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ఆٛ
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X

ͱॻ͘.
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X : ඇಛҟࣹӨଟ༷ମ

Art : ମ k্ͷہॴ Artin୅਺ RͰͦͷۃେΠσΞϧΛmͱ͢Δͱ͖

R/m ∼= kͱͳΔ΋ͷͷͳ͢ݍ

Ab : Abel܈ͷͳ͢ݍ

Artͷର৅ Rʹର͠, ࣗવͳೖࣹ

fR : X ∼= X ×Spec k Spec k ↪→ X ×Spec k R

Λ͑ߟΕ͹, ͜ͷೖࣹ͸ΤλʔϧίϗϞϩδʔͷࣸ૾

f∗
R : Hi

et(X ×Spec k R,Gm) −→ Hi
et(X,Gm)

ΛҾ͖͢͜ى.

ؔख
Φi

X : Art −→ Ab

R %−→ Ker f∗
R

Λ͑ߟΔ.

͜ͷؔखͷදݱՄೳੑʹ͍ͭͯ, ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ.

Hi−1(X,OX) = 0͔ͭ Hi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ,
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͍͍, ͼ࠶ Φi
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ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗతBrauer܈ͱ͍͏.
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͜ͷؔखͷදݱՄೳੑʹ͍ͭͯ, ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ.

Hi−1(X,OX) = 0͔ͭ Hi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ,

ͦͷ઀ۭؒ͸ Hi(X,OX)ʹಉܕͰ͋Δ.

ఆٛ

Φi
X ,Մೳͷͱ͖ݱͰલද܈ࣜܗ͕ ͦͷ܈ࣜܗΛ Artin-Mazur܈ࣜܗͱ

͍͍, ͼ࠶ Φi
X ͱॻ͘.

ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗతBrauer܈ͱ͍͏.

X Λ K3ۂ໘ͱ͢Δ.

H3(X,OX) = 0͔ͭ H1(X,OX) = 0Ͱ͋Δ͜ͱ,
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Tate༧૝Λ K3ۂ໘ͷ࣌ʹ͑ߟΔ.

༧૝ (Tate) X: ༗ݶମ Fq ্ͷ K3ۂ໘

NS(X): Fq ্ͷ Neron-Severi܈, ͦͷϥϯΫ ρ

(1) ߹ಉθʔλؔ਺ Z(X/Fq, T )ͷ T = q−1 ʹ͓͚ΔۃͷҐ਺͸ ρ

(2) ࣗવͳࣸ૾Q! ⊗NS −→ H2
et(X̄/F̄q,Q!)Gal(F̄q/Fq) ͸ಉܕ

(3) ࣗવͳࣸ૾Qp ⊗NS −→ H2
cris(X/W (Fq))φ=p ⊗Q͸ಉܕ

(φ͸ crystalline cohomologyͷ Frobenius mapʣ

Α͘஌ΒΕ͍࣮ͯͨࣄ

Tate༧૝

• h(X) = 1ͷͱ͖, ੒ཱ (Nygaard)

• h(X) ≤ ∞ͷͱ͖, p ≥ 5Ͱ੒ཱ (Nygaard-Ogus)

Artin༧૝

• irreducible variety্ͷ familyͷ 1ͭͰͰ੒Γཱͯ͹, familyͷ͢΂ͯͷ

ϝϯόʔʹରͯ͠੒Γཱͭ (Artin)

• elliptic surfaceͷߏ଄Λ࣋ͯ͹੒Γཱͭ (Artin)

Tate༧૝ =⇒ Artin༧૝

Fq ͷ qΛे෼େ͖͘ͱΕ͹, Picard਺ rho͸ดମ F̄q ্ͷ΋ͷͱҰக͢Δ.

W (Fq)ͷ঎ମΛK ͱ͢Δ.

h = ∞ (supersingular)ͱ͢Δ.

͜ͷͱ͖, Φ2
X

∼= Ga

(Cartier-)Dieudonne module H2(X,W (OX))͸ torsion͔ͩΒ,

H2
cris(X/W (Fq))⊗W (Fq) K[0,1)

∼= H2(X,W (OX))⊗W (Fq) K = 0

Poincaré duality͔Β

H2
cris(X/W (Fq))⊗W (Fq) K(1,2] = 0

Αͬͯ, H2
cris(X/W (Fq))⊗W (Fq) K ͸ slope 1ͷ͔ݩΒͳΔ.

H2
cris(X/W (Fq))φ=p ͸ slope 1ͷ෦෼ۭؒΛுΔ͕

ͦΕΒ͸ Tate༧૝ (3)ΑΓ algebraicͳͷͰ

b2(X) = ρ (Artin༧૝)

ͱͳΔ.

Tate༧૝͸, D.Maulik, F.Charles, K.M.Pera, Kim-K.M.PeraʹΑΓղܾ

ඪ਺ 0΁ͷ্࣋ͪ͛໰୊

ఆٛ঎ମ͕ඪ਺ 0ͷମK, ৒༨ମ͕ kʹͳΔΑ͏ͳ཭ࢄ෇஋؀ Oͱ, SpecO

্ͷ୅਺ଟ༷ମ X̃ ͕ଘͯ͠ࡏ,

X̃ ⊗O K ͸୅਺ଟ༷ମ͔ͭ X̃ ⊗O k ∼= X ͱͳΔͱ͖,

X ͸ඪ਺ 0ʹ্࣋ͪ͛Մೳ (liftable)ͱ͍͏.

• K3ۂ໘͸ liftable (P. Deligne)

ʢٛڱͷʣCalabi-Yauଟ༷ମ

⇔ ωX
∼= OX , Hi(X,OX) = 0 (0 < i < dimX)
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(D. Maulik, F. Charles, K. M. Pera, Kim-M. PeraʹΑΓղܾ)



K3 crystal

K3 surfaceͷ crystalline cohomology͸K3 surfaceͷੑ࣭ΛΑ͘ଊ͍͑ͯΔ.

ఆٛɹ
H : rank nͷ free W -module,

ϕ : W −→W : injective σ-linear map

ͱ͢Δͱ͖, pair (H,ϕ)Λ F -crystalͱ͍͏.

rank nͷ F -crystal(H,ϕ)ʹ symmetric bilinear form

〈 , 〉 : H ⊗W H −→W

͕༩͑ΒΕ͍ͯͯ, ࣍ͷ̐৚݅ΛΈͨ࣌͢, (H,ϕ)Λ rank nͷK3 crystalͱ͍͏.

(i) p2H ⊂ Im(ϕ)

(ii) ϕ⊗ k͸ rank 1

(iii) pairing 〈 , 〉͸ perfect pairing

(iv) 〈ϕ(x),ϕ(y)〉 = p2σ〈x, y〉

ྫ X : K3 surface,

(H2
cris(X/W ), F )͸ rank 22ͷK3 crystal

ఆཧ (supersingular K3ͷ Torelliͷఆཧ)(A. Ogus)

p > 3ͱ͢Δ.

X, Y supersingular K3 surfaces

X ∼= Y ⇐⇒ X, Y ͷK3 crystals͕ಉܕ
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Sは代数的集合になるが, その irreducible componentの数は, gが偶数の時は有理数体
Q上の discriminant pの division algebraの non-principal genusの類数に等しく, gが奇
数の時は, principal genusの類数に等しい (g = 2, 3は F. Oort-T. Katsura, g ≥ 4は F.

Oort-Ke Zeng Li)（genusの類数については K. Kashimoto-T. Ibukiyama [?]参照). P
に含まれる点の数は principal genusの類数に等しい (H. Ibukiyama-T. Katura-F. Oort,

J.-P Serre). Ag には P や S の他にも a-number, h-numberや p-rankによって定義され
る様々な部分多様体が含まれており, F. Oort, A. J. de Jong等によっていろいろな角度
から研究されているが, 面白い性質をもつ多様体が数多く存在すると思われる. たとえば,

A3における a-number 2の supersingular abelian threefoldsの locusは射影平面の中の
次数 p + 1の non-singular curveであり, p = 3のとき, level 2-structureをもつ abelian

surfaceのモジュライ空間で p-rankが 1以下の locusは unirational K3 surfaceであるこ
とがわかる.

3 K3曲面のモジュライ空間
M = M2d: degree 2gの偏極をもつK3 surfaceのmoduli stack

(2gは pと互いに素とする)

M (h): heightが h以上のK3 surfaceの locus(1 ≤ h ≤ 10)

Mσ: supersingular K3でArtin invariantが σ以下 locus (1 ≤ σ ≤ 10).

これらは代数的集合
dimM (h) = 20− h, dimMσ = σ − 1

M = M (1) ⊃ M (2) ⊃ · · · ⊃ M (10) ⊃ M10 ⊃ M9 ⊃ · · · ⊃ M1

π : χ −→ M: polarized K3 surfaceの universal family

Ω2
χ/M: relative dualizing sheaf

v = c1(π∗(Ω2
χ/M)) ∈ CH1

Q(M): first Chern class

CHh−1
Q (M): M (h)の Chow group

定理 (G. van der Geer - K). [M (h)]の CHh−1
Q (M)での classは

　　　　 [M (h)] =（p－１)（p2 − 1) · · · (ph−1 − 1)vh−1

であたえられる.

証明には, hの次の特徴付けを使う.

補題. X をK3曲面とする. X の h-数は Frobenius map F の
Remark （T. Ekedahl - G. van der Geer) Mσ の Chow group CH20−σ

Q (M)での class

[Mσ]は
　　　　 [M10] =

1

2
（p－１）（p2 −１）· · · (p10 − 1)v10

9
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Artin-Mazur܈ࣜܗ

X : ඇಛҟࣹӨଟ༷ମ

Art : ମ k্ͷہॴ Artin୅਺ RͰͦͷۃେΠσΞϧΛmͱ͢Δͱ͖

R/m ∼= kͱͳΔ΋ͷͷͳ͢ݍ

Ab : Abel܈ͷͳ͢ݍ

Artͷର৅ Rʹର͠, ࣗવͳೖࣹ

fR : X ∼= X ×Spec k Spec k ↪→ X ×Spec k R

Λ͑ߟΕ͹, ͜ͷೖࣹ͸ΤλʔϧίϗϞϩδʔͷࣸ૾

f∗
R : Hi

et(X ×Spec k R,Gm) −→ Hi
et(X,Gm)

ΛҾ͖͢͜ى.

ؔख
Φi

X : Art −→ Ab

R %−→ Ker f∗
R

Λ͑ߟΔ.

͜ͷؔखͷදݱՄೳੑʹ͍ͭͯ, ࣍ͷ͜ͱ͕஌ΒΕ͍ͯΔ.

ఆཧ (Artin-Mazur)

X ΛඇಛҟࣹӨଟ༷ମͱ͢Δ.

Hi−1(X,OX) = 0͔ͭ Hi+1(X,OX) = 0

ͳΒ͹, Φi
X ͸܈ࣜܗͰલදݱՄೳ (prorepresentable)Ͱ͋Γ,

ͦͷ઀ۭؒ͸ Hi(X,OX)ʹಉܕͰ͋Δ.

ͦͷ covariant (Cartier-)Dieudinne module͸Hi(X,W (OX))Ͱ༩͑ΒΕΔ.

ఆٛ

Φi
X ,Մೳͷͱ͖ݱͰલද܈ࣜܗ͕ ͦͷ܈ࣜܗΛ Artin-Mazur܈ࣜܗͱ

͍͍, ͼ࠶ Φi
X ͱॻ͘.

ͱ͘ʹ i = 2Ͱ͋Δͱ͖, ͜ͷ܈ࣜܗΛࣜܗతBrauer܈ͱ͍͏.

X Λ K3ۂ໘ͱ͢Δ.

H3(X,OX) = 0͔ͭ H1(X,OX) = 0Ͱ͋Δ͜ͱ,

·ͨ, dimH2(X,OX) = 1Ͱ͋Δ͔Β,

ఆཧ (van der Geer - Katsura) [M (h)]ͷ CHh−1
Q (M)Ͱͷ class͸

[M (h)] = (p− 1)(p2 − 1) · · · (ph−1 − 1)vh−1

Ͱ༩͑ΒΕΔ.

K3ۂ໘XͷࣜܗతBrauer܈Φ2
X ͸ ݩ1࣍ formal groupͰ prorepresentable

h(X) < ∞ͳΒ͹ ρ(X) ≤ b2(X)− 2h(X) (L. Illusie)

K3ۂ໘ͷ৔߹ b2(X) = 22ΑΓ, 1 ≤ h(X) ≤ 10·ͨ͸ h(X) = ∞ͱͳΔ.
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ఆཧ (g ≤ 3 ͷͱ͖ Oort- K, g ≥ 4ͷͱ͖ K.Z. Li-Oort)

P ͷ irreducible componentͷ਺ =

{
Hg if g odd

H ′
g if g even

Ag ͳͲmoduli space͸ڵຯਂ͍ subvarietyͷๅݿ

! Ag ͷ formal groupΛ༻͍ͯఆٛ͞ΕΔ subvarietiesʹ͍ͭͯ͸, F. Oort,

A. De JongΒʹΑͬͯ͞ڀݚΕ͍ͯΔ.

! ਺࿦తཱ৔͔Βҏਧࢁ஌ٛࢯͷ͞·͟·ͳ͕͋ڀݚΔʢP ͷ࿈݁ੑͳͲʣ.

3 ୯༗ཧۂ໘

X: n࣍ݩ୅਺ଟ༷ମ,

k(X): X ͷ༗ཧؔ਺ମ

k(x1, · · · , xn): k্ͷ nม਺७௒ӽ֦େମ

ఆٛ
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(2) n = 2ͷͱ͖

ఆཧ (Castelnuovoͷ༗ཧੑ൑ఆ๏)

ඇಛҟࣹӨۂ໘X ͕༗ཧۂ໘ʹͳΔͨΊͷඞཁे෼৚݅͸

P2(X) = 0 ͔ͭ q(X) = 0.

Ͱ͋Δ.

ඪ਺ 0ͷ৔߹͸O. Zariski, K. Kodaira, ਖ਼ඪ਺ͷ৔߹͸Kurke, W. Lang,

N. Suwa ͳͲʹΑΔଟ͘ͷূ໌͕஌ΒΕ͍ͯΔ.

ఆཧ kΛඪ਺ 0ͷ୅਺తดମͱ͢Δ. ͜ͷͱ͖, ࣹӨۂ໘X ͕୯༗ཧۂ໘

Ͱ͋Δ͜ͱͱ༗ཧۂ໘Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫɹ (O. Zariski)

p ≥ 3ͱ͠, ࣍ͷํఔࣜͰఆٛ͞ΕΔΞϑΟϯۂ໘ͷඇಛҟࣹӨϞσϧ X

Λ͑ߟΔ:

f(x, y, z) = zp + xp+1 + yp+1 − (x2 + y2)/2 = 0.

dy ∧ dz/∂f
∂x ͸X ্ͷਖ਼ଇ ,Β͔ͩࣜܗ-2

X ͸༗ཧۂ໘Ͱ͸ͳ͍.

k( p
√
x, p

√
y) ⊃ k(x, y, z) = k(X)

X ͸୯༗ཧۂ໘Ͱ͋Δ.

p = 2ͷͱ͖΋ಉ༷ͷྫ͕ Zariskiͷ࿦จʹ༩͑ΒΕ͍ͯΔ.

(3) n ≥ 3ͷͱ͖

ඪ਺͕ 0ͷ৔߹Ͱ΋༗ཧଟ༷ମͰ͸ͳ͍୯༗ཧଟ༷ମ͕ଘ͢ࡏΔ

(Clemens-Griffiths, Iskovskikh-Manin, Artin–Mumford)

ఆཧX Λ୯༗ཧۂ໘ͱ͢Δ. ͕࣍੒Γཱͭ.

(i) q(X) = 0.

(ii) ρ(X) = b2(X)ͱͳΔ (Shioda).

(iii) XͷΤλʔϧඃ෴΋୯༗ཧۂ໘,୅਺తجຊ܈πalg
1 (X)͸༗܈ݶ (Serre).

(iv) πalg
1 (X)ͷҐ਺͸ pͱૉͰ͋Δ (K, R.Crew, N.Suwa, T.Ekedahl).

(2) n = 2ͷͱ͖

ఆཧ (Castelnuovoͷ༗ཧੑ൑ఆ๏)

ඇಛҟࣹӨۂ໘X ͕༗ཧۂ໘ʹͳΔͨΊͷඞཁे෼৚݅͸

P2(X) = 0 ͔ͭ q(X) = 0.

Ͱ͋Δ.

ඪ਺ 0ͷ৔߹͸O. Zariski, K. Kodaira, ਖ਼ඪ਺ͷ৔߹͸Kurke, W. Lang,

N. Suwa ͳͲʹΑΔଟ͘ͷূ໌͕஌ΒΕ͍ͯΔ.

ఆཧ kΛඪ਺ 0ͷ୅਺తดମͱ͢Δ. ͜ͷͱ͖, ࣹӨۂ໘X ͕୯༗ཧۂ໘

Ͱ͋Δ͜ͱͱ༗ཧۂ໘Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫɹ (O. Zariski)

p ≥ 3ͱ͠, ࣍ͷํఔࣜͰఆٛ͞ΕΔΞϑΟϯۂ໘ͷඇಛҟࣹӨϞσϧ X

Λ͑ߟΔ:

f(x, y, z) = zp + xp+1 + yp+1 − (x2 + y2)/2 = 0.

dy ∧ dz/∂f
∂x ͸X ্ͷਖ਼ଇ ,Β͔ͩࣜܗ-2

X ͸༗ཧۂ໘Ͱ͸ͳ͍.

k( p
√
x, p

√
y) ⊃ k(x, y, z) = k(X)

X ͸୯༗ཧۂ໘Ͱ͋Δ.

p = 2ͷͱ͖΋ಉ༷ͷྫ͕ Zariskiͷ࿦จʹ༩͑ΒΕ͍ͯΔ.

(3) n ≥ 3ͷͱ͖

ඪ਺͕ 0ͷ৔߹Ͱ΋༗ཧଟ༷ମͰ͸ͳ͍୯༗ཧଟ༷ମ͕ଘ͢ࡏΔ

(Clemens-Griffiths, Iskovskikh-Manin, Artin–Mumford)

ఆཧX Λ୯༗ཧۂ໘ͱ͢Δ. ͕࣍੒Γཱͭ.

(i) q(X) = 0.

(ii) ρ(X) = b2(X)ͱͳΔ (Shioda).

(iii) XͷΤλʔϧඃ෴΋୯༗ཧۂ໘,୅਺తجຊ܈πalg
1 (X)͸༗܈ݶ (Serre).

(iv) πalg
1 (X)ͷҐ਺͸ pͱૉͰ͋Δ (K, R.Crew, N.Suwa, T.Ekedahl).

(2) n = 2ͷͱ͖

ఆཧ (Castelnuovoͷ༗ཧੑ൑ఆ๏)

ඇಛҟࣹӨۂ໘X ͕༗ཧۂ໘ʹͳΔͨΊͷඞཁे෼৚݅͸

P2(X) = 0 ͔ͭ q(X) = 0.

Ͱ͋Δ.

ඪ਺ 0ͷ৔߹͸O. Zariski, K. Kodaira, ਖ਼ඪ਺ͷ৔߹͸Kurke, W. Lang,

N. Suwa ͳͲʹΑΔଟ͘ͷূ໌͕஌ΒΕ͍ͯΔ.

ఆཧ

kΛඪ਺ 0ͷ୅਺తดମͱ͢Δ. ͜ͷͱ͖, ࣹӨۂ໘ X ͕୯༗ཧۂ໘Ͱ͋

Δ͜ͱͱ༗ཧۂ໘Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫɹ (O. Zariski)

p ≥ 3ͱ͠, ࣍ͷํఔࣜͰఆٛ͞ΕΔΞϑΟϯۂ໘ͷඇಛҟࣹӨϞσϧ X

Λ͑ߟΔ:

f(x, y, z) = zp + xp+1 + yp+1 − (x2 + y2)/2 = 0.

dy ∧ dz/∂f
∂x ͸X ্ͷਖ਼ଇ ,Β͔ͩࣜܗ-2

X ͸༗ཧۂ໘Ͱ͸ͳ͍.

k( p
√
x, p

√
y) ⊃ k(x, y, z) = k(X)

X ͸୯༗ཧۂ໘Ͱ͋Δ.

p = 2ͷͱ͖΋ಉ༷ͷྫ͕ Zariskiͷ࿦จʹ༩͑ΒΕ͍ͯΔ.

(3) n ≥ 3ͷͱ͖

ඪ਺͕ 0ͷ৔߹Ͱ΋༗ཧଟ༷ମͰ͸ͳ͍୯༗ཧଟ༷ମ͕ଘ͢ࡏΔ

(Clemens-Griffiths, Iskovskikh-Manin, Artin–Mumford)

ఆཧX Λ୯༗ཧۂ໘ͱ͢Δ. ͕࣍੒Γཱͭ.

(i) q(X) = 0.

(ii) ρ(X) = b2(X)ͱͳΔ (Shioda).

(iii) XͷΤλʔϧඃ෴΋୯༗ཧۂ໘,୅਺తجຊ܈πalg
1 (X)͸༗܈ݶ (Serre).

(iv) πalg
1 (X)ͷҐ਺͸ pͱૉͰ͋Δ (K, R.Crew, N.Suwa, T.Ekedahl).

(2) n = 2ͷͱ͖

ఆཧ (Castelnuovoͷ༗ཧੑ൑ఆ๏)

ඇಛҟࣹӨۂ໘X ͕༗ཧۂ໘ʹͳΔͨΊͷඞཁे෼৚݅͸

P2(X) = 0 ͔ͭ q(X) = 0.

Ͱ͋Δ.

ඪ਺ 0ͷ৔߹͸O. Zariski, K. Kodaira, ਖ਼ඪ਺ͷ৔߹͸Kurke, W. Lang,

N. Suwa ͳͲʹΑΔଟ͘ͷূ໌͕஌ΒΕ͍ͯΔ.

ఆཧ

kΛඪ਺ 0ͷ୅਺తดମͱ͢Δ. ͜ͷͱ͖, ࣹӨۂ໘ X ͕୯༗ཧۂ໘Ͱ͋

Δ͜ͱͱ༗ཧۂ໘Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫɹ (O. Zariski)

p ≥ 3ͱ͠, ࣍ͷํఔࣜͰఆٛ͞ΕΔΞϑΟϯۂ໘ͷඇಛҟࣹӨϞσϧ X

Λ͑ߟΔ:

f(x, y, z) = zp + xp+1 + yp+1 − (x2 + y2)/2 = 0.

dy ∧ dz/∂f
∂x ͸X ্ͷਖ਼ଇ ,Β͔ͩࣜܗ-2

X ͸༗ཧۂ໘Ͱ͸ͳ͍.

k( p
√
x, p

√
y) ⊃ k(x, y, z) = k(X)

X ͸୯༗ཧۂ໘Ͱ͋Δ.

p = 2ͷͱ͖΋ಉ༷ͷྫ͕ Zariskiͷ࿦จʹ༩͑ΒΕ͍ͯΔ.

(3) n ≥ 3ͷͱ͖

ඪ਺͕ 0ͷ৔߹Ͱ΋༗ཧଟ༷ମͰ͸ͳ͍୯༗ཧଟ༷ମ͕ଘ͢ࡏΔ

(Clemens-Griffiths, Iskovskikh-Manin, Artin–Mumford)

ఆཧX Λ୯༗ཧۂ໘ͱ͢Δ. ͕࣍੒Γཱͭ.

(i) q(X) = 0.

(ii) ρ(X) = b2(X)ͱͳΔ (Shioda).

(iii) XͷΤλʔϧඃ෴΋୯༗ཧۂ໘,୅਺తجຊ܈πalg
1 (X)͸༗܈ݶ (Serre).

(iv) πalg
1 (X)ͷҐ਺͸ pͱૉͰ͋Δ (K, R.Crew, N.Suwa, T.Ekedahl).



(2) n = 2ͷͱ͖

ఆཧ (Castelnuovoͷ༗ཧੑ൑ఆ๏)

ඇಛҟࣹӨۂ໘X ͕༗ཧۂ໘ʹͳΔͨΊͷඞཁे෼৚݅͸

P2(X) = 0 ͔ͭ q(X) = 0.

Ͱ͋Δ.

ඪ਺ 0ͷ৔߹͸O. Zariski, K. Kodaira, ਖ਼ඪ਺ͷ৔߹͸Kurke, W. Lang,

N. Suwa ͳͲʹΑΔଟ͘ͷূ໌͕஌ΒΕ͍ͯΔ.

ఆཧ

kΛඪ਺ 0ͷ୅਺తดମͱ͢Δ. ͜ͷͱ͖, ࣹӨۂ໘ X ͕୯༗ཧۂ໘Ͱ͋

Δ͜ͱͱ༗ཧۂ໘Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫɹ (O. Zariski)

p ≥ 3ͱ͠, ࣍ͷํఔࣜͰఆٛ͞ΕΔΞϑΟϯۂ໘ͷඇಛҟࣹӨϞσϧ X

Λ͑ߟΔ:

f(x, y, z) = zp + xp+1 + yp+1 − (x2 + y2)/2 = 0.

dy ∧ dz/∂f
∂x ͸X ্ͷਖ਼ଇ ,Β͔ͩࣜܗ-2

X ͸༗ཧۂ໘Ͱ͸ͳ͍.

k( p
√
x, p

√
y) ⊃ k(x, y, z) = k(X)

X ͸୯༗ཧۂ໘Ͱ͋Δ.

p = 2ͷͱ͖΋ಉ༷ͷྫ͕ Zariskiͷ࿦จʹ༩͑ΒΕ͍ͯΔ.

(3) n ≥ 3ͷͱ͖

ඪ਺͕ 0ͷ৔߹Ͱ΋༗ཧଟ༷ମͰ͸ͳ͍୯༗ཧଟ༷ମ͕ଘ͢ࡏΔ

(Clemens-Griffiths, Iskovskikh-Manin, Artin–Mumford)

ఆཧX Λ୯༗ཧۂ໘ͱ͢Δ. ͕࣍੒Γཱͭ.

(i) q(X) = 0.

(ii) ρ(X) = b2(X)ͱͳΔ (Shioda).

(iii) XͷΤλʔϧඃ෴΋୯༗ཧۂ໘,୅਺తجຊ܈πalg
1 (X)͸༗܈ݶ (Serre).

(iv) πalg
1 (X)ͷҐ਺͸ pͱૉͰ͋Δ (K, R.Crew, N.Suwa, T.Ekedahl).



܎໘ͷ෼ྨཧ࿦ͱͷؔۂ

(Enriques-Castelnuovo-Kodaira-Mumford-Bombieriͷ෼ྨཧ࿦)

κ(X) ಛ௃෇͚ ໘ͷ໊শۂ ୯༗ཧۂ໘ͷଘࡏ

−∞ q(X) = 0 ༗ཧۂ໘ +

q(X) ≥ 1 ඇ༗ཧઢ৫໘ -

0 q(X) = 2 Abelۂ໘ -

q(X) = 1 ௒ପԁۂ໘, ·ͨ͸ -

४௒ପԁۂ໘ (p = 2, 3ͷͱ͖ͷΈՄೳ ) -

q(X) = 0, b2(X) = 10 Enriquesۂ໘ +

q(X) = 0, b2(X) = 22 K3ۂ໘ +

1 ପԁۂ໘, ·ͨ͸ +

४ପԁۂ໘ (p = 2, 3ͷͱ͖ͷΈՄೳ ) +

2 Ұൠۂܕ໘ɹ +

ྫ

୯༗ཧۂ໘ͷಛ௃෇͚ͷྫΛ͍͔ͭ͛͘ڍΔ.

(i) ඪ਺ 2ͷ Enriquesۂ໘X ʹରͯ͠,

X͕୯༗ཧۂ໘⇐⇒ X͕ݹయతຢ͸௒ಛҟ Enriquesۂ໘ (P.Blass).

(ii) ४ପԁۂ໘ f : X → C ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ C ∼= P1 (M.Miyanishi).

(iii) Fermatۂ໘Xm : Xm
0 +Xm

1 +Xm
2 +Xm

3 = 0⊂ P3 (m ≥ 4, (p,m) = 1))

ʹରͯ͠, ࣍ͷΑ͏ͳಉ஋͕੒Γཱͭ:

Xm ͕୯༗ཧۂ໘⇐⇒ pν ≡ −1 (mod m) ͱͳΔࣗવ਺ ν ͕ଘ͢ࡏΔ

(Shioda–K).

(2) n = 2ͷͱ͖

ఆཧ (Castelnuovoͷ༗ཧੑ൑ఆ๏)

ඇಛҟࣹӨۂ໘X ͕༗ཧۂ໘ʹͳΔͨΊͷඞཁे෼৚݅͸

P2(X) = 0 ͔ͭ q(X) = 0.

Ͱ͋Δ.

ඪ਺ 0ͷ৔߹͸O. Zariski, K. Kodaira, ਖ਼ඪ਺ͷ৔߹͸Kurke, W. Lang,

N. Suwa ͳͲʹΑΔଟ͘ͷূ໌͕஌ΒΕ͍ͯΔ.

ఆཧ

kΛඪ਺ 0ͷ୅਺తดମͱ͢Δ. ͜ͷͱ͖, ࣹӨۂ໘ X ͕୯༗ཧۂ໘Ͱ͋

Δ͜ͱͱ༗ཧۂ໘Ͱ͋Δ͜ͱ͸ಉ஋Ͱ͋Δ.

ྫɹ (O. Zariski)

p ≥ 3ͱ͠, ࣍ͷํఔࣜͰఆٛ͞ΕΔΞϑΟϯۂ໘ͷඇಛҟࣹӨϞσϧ X

Λ͑ߟΔ:

f(x, y, z) = zp + xp+1 + yp+1 − (x2 + y2)/2 = 0.

dy ∧ dz/∂f
∂x ͸X ্ͷਖ਼ଇ ,Β͔ͩࣜܗ-2

X ͸༗ཧۂ໘Ͱ͸ͳ͍.

k( p
√
x, p

√
y) ⊃ k(x, y, z) = k(X)

X ͸୯༗ཧۂ໘Ͱ͋Δ.

p = 2ͷͱ͖΋ಉ༷ͷྫ͕ Zariskiͷ࿦จʹ༩͑ΒΕ͍ͯΔ.

(3) n ≥ 3ͷͱ͖

ඪ਺͕ 0ͷ৔߹Ͱ΋༗ཧଟ༷ମͰ͸ͳ͍୯༗ཧଟ༷ମ͕ଘ͢ࡏΔ

(Clemens-Griffiths, Iskovskikh-Manin, Artin–Mumford)

ఆཧX Λ୯༗ཧۂ໘ͱ͢Δ. ͕࣍੒Γཱͭ.

(i) q(X) = 0.

(ii) ρ(X) = b2(X)ͱͳΔ (Shioda).

(iii) XͷΤλʔϧඃ෴΋୯༗ཧۂ໘,୅਺తجຊ܈πalg
1 (X)͸༗܈ݶ (Serre).

(iv) πalg
1 (X)ͷҐ਺͸pͱૉͰ͋Δ (T.Katsura, R.Crew, N.Suwa, T.Ekedahl).



෼ྨཧ࿦ʹ͓͚Δඪ਺ 0ͱඪ਺ p > 0ͷҧ͍

΄ͱΜͲ p = 2, 3ͷ৔߹ͷҧ͍ͷΈ

(i) quasi-elliptic surfaceͷଘࡏ

X Λ୅਺ۂ໘,

C Λ୅਺ۂઢ,

f : X −→ C: ਖ਼ଇࣸ૾

ඪ਺ 0ͳΒ͹, SardͷఆཧΑΓ general fiber͸ nonsingular

ඪ਺ pͳΒ, ͜Ε͸੒Γཱͨͳ͍.

genus 1 fibration

f : X → C ͷੜ੒ϑΝΠόʔͷछ਺͕ 1ͱ͢Δ.

ఆཧ (Tate)

C ΛҰม਺୅਺ؔ਺ମ K ্ͷඇಛҟ୅਺ۂઢͱ͠, ͦͷछ਺Λ g ͱ͢Δ.

g < (p− 1)/2ͳΒ͹, C ͸K ͷ୅਺తดแ K̄ ্΋छ਺ gͷඇಛҟ୅਺ۂઢ

Ͱ͋Δ.

͜ͷఆཧ͔Β, genus 1 fibrationͳΒ͹, C ͷҰൠ఺ P ʹର͠ϑΝΠόʔ

f−1(P )͕ಛҟ఺Λ࣋ͪಘΔͷ͸ඪ਺ p = 2, 3ͷ৔߹ʹݶΔ͜ͱ͕Θ͔Δ.

͜ͷΑ͏ͳۂ໘Λ४ପԁۂ໘ͱ͍͏.

f : X → C Λ४ପԁۂ໘ͱ͢Ε͹, Ұൠͷ఺ P ∈ C ʹର͠, ϑΝΠόʔ

f−1(P )͸ઑ఺ͱݺ͹ΕΔಛҟ఺Λ࣋ͭ.

ͦͷ X ্ͷي੻͸ඇಛҟ୅਺ۂઢͱͳΓ C ্७ඇ෼཭ඃ෴Ͱͦͷ࣍਺͸ p

ʹͳΔ͜ͱ͕஌ΒΕ͍ͯΔ (Bombieri-Mumford)

(ii) ඪ਺ 2ͷ Enriquesۂ໘

ඪ਺ 0ͳΒ͹,

Enriquesۂ໘X

⇔ ඪ४ଋ ωX %∼= OX , ω⊗2
X

∼= OX ͔ͭ q(X) = 0

ωX ͔Β࡞ΒΕΔ࣍਺ 2ͷ étale covering͸ K3 surface

ඪ਺ 2ͷ৔߹͸, ༷૬͕͔ͳΓҟͳΓ 3ͭͷ৔߹ʹ෼͔ΕΔ.

i) KX %∼ 0, K⊗2
X ∼ 0, H1(X,OX) = 0 యతݹ) Enriquesۂ໘),

ii) KX ∼ 0, Frobeniusࣸ૾ F ͕ H1(X,OX) ∼= k ʹશ୯ࣹʹ࡞༻ (ಛҟ

Enriquesۂ໘),

iii) KX ∼ 0, Frobeniusࣸ૾ F ͕ H1(X,OX) ∼= kʹྵࣸ૾ͱͯ͠࡞༻ (௒

ಛҟ Enriquesۂ໘).

Enriquesۂ໘X ͷ Betti਺͸ඪ਺ʹ͔͔ΘΒͣ b1(X) = 0, b2(X) = 10 Ͱ

͋Γ, Picard਺ ρ(X) = 10Ͱ͋Δ.

෼ྨཧ࿦ʹ͓͚Δඪ਺ 0ͱඪ਺ p > 0ͷҧ͍

΄ͱΜͲ p = 2, 3ͷ৔߹ͷҧ͍ͷΈ

(i) quasi-elliptic surfaceͷଘࡏ

X Λ୅਺ۂ໘,

C Λ୅਺ۂઢ,

f : X −→ C: ਖ਼ଇࣸ૾

ඪ਺ 0ͳΒ͹, SardͷఆཧΑΓ general fiber͸ nonsingular

ඪ਺ pͳΒ, ͜Ε͸੒Γཱͨͳ͍.

genus 1 fibration

f : X → C ͷੜ੒ϑΝΠόʔͷछ਺͕ 1ͱ͢Δ.

ఆཧ (Tate)

C ΛҰม਺୅਺ؔ਺ମ K ্ͷඇಛҟ୅਺ۂઢͱ͠, ͦͷछ਺Λ g ͱ͢Δ.

g < (p− 1)/2ͳΒ͹, C ͸K ͷ୅਺తดแ K̄ ্΋छ਺ gͷඇಛҟ୅਺ۂઢ

Ͱ͋Δ.

͜ͷఆཧ͔Β, genus 1 fibrationͳΒ͹, C ͷҰൠ఺ P ʹର͠ϑΝΠόʔ

f−1(P )͕ಛҟ఺Λ࣋ͪಘΔͷ͸ඪ਺ p = 2, 3ͷ৔߹ʹݶΔ͜ͱ͕Θ͔Δ.
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X ∼ 0, H1(X,OX) = 0 యతݹ) Enriquesۂ໘),

ii) KX ∼ 0, Frobeniusࣸ૾ F ͕ H1(X,OX) ∼= k ʹશ୯ࣹʹ࡞༻ (ಛҟ
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͋Γ, Picard਺ ρ(X) = 10Ͱ͋Δ.



෼ྨཧ࿦ʹ͓͚Δඪ਺ 0ͱඪ਺ p > 0ͷҧ͍

΄ͱΜͲ p = 2, 3ͷ৔߹ͷҧ͍ͷΈ
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X Λ୅਺ۂ໘,

C Λ୅਺ۂઢ,

f : X −→ C: ਖ਼ଇࣸ૾

ඪ਺ 0ͳΒ͹, SardͷఆཧΑΓ general fiber͸ nonsingular

ඪ਺ pͳΒ, ͜Ε͸੒Γཱͨͳ͍.

genus 1 fibration

f : X → C ͷੜ੒ϑΝΠόʔͷछ਺͕ 1ͱ͢Δ.

ఆཧ (Tate)

C ΛҰม਺୅਺ؔ਺ମ K ্ͷඇಛҟ୅਺ۂઢͱ͠, ͦͷछ਺Λ g ͱ͢Δ.

g < (p− 1)/2ͳΒ͹, C ͸K ͷ୅਺తดแ K̄ ্΋छ਺ gͷඇಛҟ୅਺ۂઢ

Ͱ͋Δ.
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y2 = x3 + t t͸ P1 ্ͷύϥϝʔλ
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k( 3
√
t)্͸ singularͰ y2 = x3 ͱಉܕ
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K3ۂ໘ʹ͍ͭͯ͸ޙʹड़΂Δ

܎໘ͷ෼ྨཧ࿦ͱͷؔۂ

(Enriques-Castelnuovo-Kodaira-Mumford-Bombieriͷ෼ྨཧ࿦)

κ(X) ಛ௃෇͚ ໘ͷ໊শۂ ୯༗ཧۂ໘ͷଘࡏ

−∞ q(X) = 0 ༗ཧۂ໘ +

q(X) ≥ 1 ඇ༗ཧઢ৫໘ -

0 q(X) = 2 Abelۂ໘ -

q(X) = 1 ௒ପԁۂ໘, ·ͨ͸ -

४௒ପԁۂ໘ (p = 2, 3ͷͱ͖ͷΈՄೳ ) -

q(X) = 0, b2(X) = 10 Enriquesۂ໘ +

q(X) = 0, b2(X) = 22 K3ۂ໘ +

1 ପԁۂ໘, ·ͨ͸ +

४ପԁۂ໘ (p = 2, 3ͷͱ͖ͷΈՄೳ ) +

2 Ұൠۂܕ໘ɹ +

ྫ

୯༗ཧۂ໘ͷಛ௃෇͚ͷྫΛ͍͔ͭ͛͘ڍΔ.

(i) ඪ਺ 2ͷ Enriquesۂ໘X ʹରͯ͠,

X͕୯༗ཧۂ໘⇐⇒ X͕ݹయతຢ͸௒ಛҟ Enriquesۂ໘ (P.Blass).

(ii) ४ପԁۂ໘ f : X → C ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ C ∼= P1 (M.Miyanishi).

(iii) Fermatۂ໘Xm : Xm
0 +Xm

1 +Xm
2 +Xm

3 = 0⊂ P3 (m ≥ 4, (p,m) = 1))

ʹରͯ͠, ࣍ͷΑ͏ͳಉ஋͕੒Γཱͭ:

Xm ͕୯༗ཧۂ໘⇐⇒ pν ≡ −1 (mod m) ͱͳΔࣗવ਺ ν ͕ଘ͢ࡏΔ

(Shioda - Katsura).



4 K3ۂ໘

X: ඇಛҟࣹӨۂ໘

X: K3ۂ໘

⇐⇒
canonical bundle KX

∼= OX ͔ͭ H1(X,OX) = 0

NS(X): X ͷ Néron-Severi group

༗ݶੜ੒Ξʔϕϧ܈ ͦͷϥϯΫΛ Picard਺ͱ͍͍, ρ = ρ(X)ͱॻ͘.

K3ۂ໘ʹରͯ͠͸, 1 ≤ ρ(X) ≤ 20·ͨ͸ ρ(X) = 22

H1(X,OX) = 0͔ͭ H2(X,OX) ∼= kΑΓ

formal Brauer group ΦX ͸ ݩ1࣍ formal groupͰ pro-representable

h(X) < ∞ͳΒ͹ ρ(X) ≤ b2(X)− 2h(X), b2(X) = 22

K3ۂ໘ͷ৔߹, 1 ≤ h(X) ≤ 10·ͨ͸ h(X) = ∞ͱͳΔ.

h(X) = 1ͷͱ͖, X Λ ordinary K3 surface,

h(X) = ∞ͷͱ͖,X Λ௒ಛҟ K3ۂ໘ (supersingular K3 surface)ͱ͍͏.

ρ(X) = 22ͱͳΔ K3ۂ໘ΛԘాͷҙຯͷ௒ಛҟ (supersingular) Ͱ͋Δͱ

͍͏.

ఆཧ (D. Maulik, F. Charles, K. M. Pera, Kim-M. Pera)

supersingularͱԘాͷҙຯͷ supersingular͕ಉ஋Ͱ͋Δ.

NS(X)ʹ͸ intersection numberʹΑͬͯ಺ੵ͕ೖΔ.

ρ(X) = 22ͷͱ͖, ͦͷ಺ੵͷ discriminant͸ −p2σ0 ͷܗ.

σ0 Λ Artin invariantͱ͍͏.

1 ≤ σ0 ≤ 10Ͱ͋Δ.

σ0 = 1ͷͱ͖, K3 surfaceΛ superspecial K3 surfaceͱ͍͏.

p > 2ͷͱ͖,

superspecial K3 surface͸, supersingular elliptic curve E ͷ௚ੵ E × E

Λ inversion ιͰׂͬͨ঎ۭؒ (E × E)/ < ι >ͷ ͷݸ16 A1 ͷܕ rational

double pointsΛ resolutionͯ͠ಘΒΕΔ Km(E × E)ʹಉܕͰ͋Γ, unique

Ͱ͋Δ.

Ұൠʹ, abelian surface AΛ inversion ιͰׂͬͨۂ໘A/ < ι >Λ resolution

ͯ͠ಘΒΕͨۂ໘ Km(A)Λ Kummer surfaceͱ͍͏.

͜ͷۂ໘͸, p (= 2ͳΒ͹ K3 surfaceͰ͋Δ.

༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich).
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Λ inversion ιͰׂͬͨ঎ۭؒ (E × E)/ < ι >ͷ ͷݸ16 A1 ͷܕ rational

double pointsΛ resolutionͯ͠ಘΒΕΔ Km(E × E)ʹಉܕͰ͋Γ, unique

Ͱ͋Δ.

Ұൠʹ, abelian surface AΛ inversion ιͰׂͬͨۂ໘A/ < ι >Λ resolution

ͯ͠ಘΒΕͨۂ໘ Km(A)Λ Kummer surfaceͱ͍͏.

͜ͷۂ໘͸, p (= 2ͳΒ͹ K3 surfaceͰ͋Δ.

༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich).

4 K3ۂ໘

X: ඇಛҟࣹӨۂ໘

X: K3ۂ໘

⇐⇒
canonical bundle KX

∼= OX ͔ͭ H1(X,OX) = 0

NS(X): X ͷ Néron-Severi group

༗ݶੜ੒Ξʔϕϧ܈ ͦͷϥϯΫΛ Picard਺ͱ͍͍, ρ = ρ(X)ͱॻ͘.

K3ۂ໘ʹରͯ͠͸, 1 ≤ ρ(X) ≤ 20·ͨ͸ ρ(X) = 22

H1(X,OX) = 0͔ͭ H2(X,OX) ∼= kΑΓ

formal Brauer group ΦX ͸ ݩ1࣍ formal groupͰ pro-representable

h(X) < ∞ͳΒ͹ ρ(X) ≤ b2(X)− 2h(X), b2(X) = 22

K3ۂ໘ͷ৔߹, 1 ≤ h(X) ≤ 10·ͨ͸ h(X) = ∞ͱͳΔ.

h(X) = 1ͷͱ͖, X Λ ordinary K3 surface,

h(X) = ∞ͷͱ͖,X Λ௒ಛҟ K3ۂ໘ (supersingular K3 surface)ͱ͍͏.

ρ(X) = 22ͱͳΔ K3ۂ໘ΛԘాͷҙຯͷ௒ಛҟ (supersingular) Ͱ͋Δͱ

͍͏.

ఆཧ (D. Maulik, F. Charles, K. M. Pera, Kim-M. Pera)

supersingularͱԘాͷҙຯͷ supersingular͕ಉ஋Ͱ͋Δ.

NS(X)ʹ͸ intersection numberʹΑͬͯ಺ੵ͕ೖΔ.

ρ(X) = 22ͷͱ͖, ͦͷ಺ੵͷ discriminant͸ −p2σ0 ͷܗ.

σ0 Λ Artin invariantͱ͍͏.

1 ≤ σ0 ≤ 10Ͱ͋Δ.

σ0 = 1ͷͱ͖, K3 surfaceΛ superspecial K3 surfaceͱ͍͏.

p > 2ͷͱ͖,

superspecial K3 surface͸, supersingular elliptic curve E ͷ௚ੵ E × E

Λ inversion ιͰׂͬͨ঎ۭؒ (E × E)/ < ι >ͷ ͷݸ16 A1 ͷܕ rational

double pointsΛ resolutionͯ͠ಘΒΕΔ Km(E × E)ʹಉܕͰ͋Γ, unique

Ͱ͋Δ.

Ұൠʹ, abelian surface AΛ inversion ιͰׂͬͨۂ໘A/ < ι >Λ resolution

ͯ͠ಘΒΕͨۂ໘ Km(A)Λ Kummer surfaceͱ͍͏.

͜ͷۂ໘͸, p (= 2ͳΒ͹ K3 surfaceͰ͋Δ.

༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich).

4 K3ۂ໘

X: ඇಛҟࣹӨۂ໘

X: K3ۂ໘

⇐⇒
canonical bundle KX

∼= OX ͔ͭ H1(X,OX) = 0

NS(X): X ͷ Néron-Severi group

༗ݶੜ੒Ξʔϕϧ܈ ͦͷϥϯΫΛ Picard਺ͱ͍͍, ρ = ρ(X)ͱॻ͘.

K3ۂ໘ʹରͯ͠͸, 1 ≤ ρ(X) ≤ 20·ͨ͸ ρ(X) = 22

H1(X,OX) = 0͔ͭ H2(X,OX) ∼= kΑΓ

formal Brauer group ΦX ͸ ݩ1࣍ formal groupͰ pro-representable

h(X) < ∞ͳΒ͹ ρ(X) ≤ b2(X)− 2h(X), b2(X) = 22

K3ۂ໘ͷ৔߹, 1 ≤ h(X) ≤ 10·ͨ͸ h(X) = ∞ͱͳΔ.

h(X) = 1ͷͱ͖, X Λ ordinary K3 surface,

h(X) = ∞ͷͱ͖,X Λ௒ಛҟ K3ۂ໘ (supersingular K3 surface)ͱ͍͏.

ρ(X) = 22ͱͳΔ K3ۂ໘ΛԘాͷҙຯͷ௒ಛҟ (supersingular) Ͱ͋Δͱ

͍͏.

ఆཧ (D. Maulik, F. Charles, K. M. Pera, Kim-M. Pera)

supersingularͱԘాͷҙຯͷ supersingular͕ಉ஋Ͱ͋Δ.

NS(X)ʹ͸ intersection numberʹΑͬͯ಺ੵ͕ೖΔ.

ρ(X) = 22ͷͱ͖, ͦͷ಺ੵͷ discriminant͸ −p2σ0 ͷܗ.

σ0 Λ Artin invariantͱ͍͏.

1 ≤ σ0 ≤ 10Ͱ͋Δ.

σ0 = 1ͷͱ͖, K3 surfaceΛ superspecial K3 surfaceͱ͍͏.

p > 2ͷͱ͖,

superspecial K3 surface͸, supersingular elliptic curve E ͷ௚ੵ E × E

Λ inversion ιͰׂͬͨ঎ۭؒ (E × E)/ < ι >ͷ ͷݸ16 A1 ͷܕ rational

double pointsΛ resolutionͯ͠ಘΒΕΔ Km(E × E)ʹಉܕͰ͋Γ, unique

Ͱ͋Δ.

Ұൠʹ, abelian surface AΛ inversion ιͰׂͬͨۂ໘A/ < ι >Λ resolution

ͯ͠ಘΒΕͨۂ໘ Km(A)Λ Kummer surfaceͱ͍͏.

͜ͷۂ໘͸, p (= 2ͳΒ͹ K3 surfaceͰ͋Δ.

༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich).

4 K3ۂ໘

X: ඇಛҟࣹӨۂ໘

X: K3ۂ໘

⇐⇒
canonical bundle KX

∼= OX ͔ͭ H1(X,OX) = 0

NS(X): X ͷ Néron-Severi group

༗ݶੜ੒Ξʔϕϧ܈ ͦͷϥϯΫΛ Picard਺ͱ͍͍, ρ = ρ(X)ͱॻ͘.

K3ۂ໘ʹରͯ͠͸, 1 ≤ ρ(X) ≤ 20·ͨ͸ ρ(X) = 22

H1(X,OX) = 0͔ͭ H2(X,OX) ∼= kΑΓ

formal Brauer group ΦX ͸ ݩ1࣍ formal groupͰ pro-representable

h(X) < ∞ͳΒ͹ ρ(X) ≤ b2(X)− 2h(X), b2(X) = 22

K3ۂ໘ͷ৔߹, 1 ≤ h(X) ≤ 10·ͨ͸ h(X) = ∞ͱͳΔ.

h(X) = 1ͷͱ͖, X Λ ordinary K3 surface,

h(X) = ∞ͷͱ͖,X Λ௒ಛҟ K3ۂ໘ (supersingular K3 surface)ͱ͍͏.

ρ(X) = 22ͱͳΔ K3ۂ໘ΛԘాͷҙຯͷ௒ಛҟ (supersingular) Ͱ͋Δͱ

͍͏.

ఆཧ (D. Maulik, F. Charles, K. M. Pera, Kim-M. Pera)

supersingularͱԘాͷҙຯͷ supersingular͕ಉ஋Ͱ͋Δ.

NS(X)ʹ͸ intersection numberʹΑͬͯ಺ੵ͕ೖΔ.

ρ(X) = 22ͷͱ͖, ͦͷ಺ੵͷ discriminant͸ −p2σ0 ͷܗ.

σ0 Λ Artin invariantͱ͍͏.

1 ≤ σ0 ≤ 10Ͱ͋Δ.

σ0 = 1ͷͱ͖, K3 surfaceΛ superspecial K3 surfaceͱ͍͏.

Ұൠʹ, Ξʔϕϧۂ໘AΛ inversion ιͰׂͬͨۂ໘A/ < ι >Λ resolution

ͯ͠ಘΒΕͨۂ໘ Km(A)Λ Kummerۂ໘ͱ͍͏.

Kummerۂ໘͸ p '= 2ͳΒ͹ K3ۂ໘.

p > 2ͷͱ͖,

• X supersingular K3ۂ໘, σ0 ≤ 2 ⇔ X = Kum(A), A ௒ಛҟΞʔϕϧ

໘ۂ

• superspecial K3ۂ໘͸, supersingular elliptic curve E ͷ௚ੵ E ×E Λ

inversion ιͰׂͬͨ঎ۭؒ (E×E)/ < ι >ͷ ͷܕͷA1ݸ16 rational double

pointsΛ resolutionͯ͠ಘΒΕΔ Km(E × E)ͱಉܕ (unique).

4 K3ۂ໘

X: ඇಛҟࣹӨۂ໘

X: K3ۂ໘

⇐⇒
canonical bundle KX

∼= OX ͔ͭ H1(X,OX) = 0

NS(X): X ͷ Néron-Severi group

༗ݶੜ੒Ξʔϕϧ܈ ͦͷϥϯΫΛ Picard਺ͱ͍͍, ρ = ρ(X)ͱॻ͘.

K3ۂ໘ʹରͯ͠͸, 1 ≤ ρ(X) ≤ 20·ͨ͸ ρ(X) = 22

NS(X)ʹ͸ intersection numberʹΑͬͯ಺ੵ͕ೖΔ.

ρ(X) = 22ͷͱ͖, ͦͷ಺ੵͷ discriminant͸ −p2σ0 ͷܗ.

σ0 Λ Artin invariantͱ͍͏.

1 ≤ σ0 ≤ 10Ͱ͋Δ.

σ0 = 1ͷͱ͖, K3 surfaceΛ superspecial K3 surfaceͱ͍͏.

Ұൠʹ, Ξʔϕϧۂ໘AΛ inversion ιͰׂͬͨۂ໘A/ < ι >Λ resolution

ͯ͠ಘΒΕͨۂ໘ Km(A)Λ Kummerۂ໘ͱ͍͏.

Kummerۂ໘͸ p &= 2ͳΒ͹ K3ۂ໘.

p > 2ͷͱ͖,

• X supersingular K3ۂ໘, σ0 ≤ 2 ⇔ X = Kum(A), A ௒ಛҟΞʔϕϧۂ໘

• superspecial K3ۂ໘X ∼= Kum(E × E) (E: supersingular elliptic curve)

superspecial K3ۂ໘͸ unique



༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 3͔ͭ σ0 ≤ 6ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 5͔ͭ σ0 ≤ 3ͷͱ͖͸੒ཱ (I. Shimada)

(b) p ≥ 3ͱ͢Δ.

A: Abelۂ໘, ιΛ Aͷ൓స (ι(x) = −x, x ∈ A).

঎ۂ໘ A/ιͷۃখඇಛҟϞσϧ Km(A): Kummerۂ໘ (K3)

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Shioda).

(i) Km(A)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A)) = b2(Km(A)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

(c) p ≥ 7ͱ͢Δ.

GΛ Abelۂ໘ Aʹ஧࣮ʹ࡞༻͢Δ༗܈ݶ,

A/Gͷۃখඇಛҟۂ໘͕ K3ۂ໘ʹͳΔͱ͢Δ.

ͦΕΛ Km(A,G)ͱॻ͖ҰൠԽKummerۂ໘ͱ͍͏.

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (K-).

(i) Km(A,G)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A,G)) = b2(Km(A,G)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 3͔ͭ σ0 ≤ 6ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 5͔ͭ σ0 ≤ 3ͷͱ͖͸੒ཱ (I. Shimada)

(b) p ≥ 3ͱ͢Δ.

A: Abelۂ໘, ιΛ Aͷ൓స (ι(x) = −x, x ∈ A).

঎ۂ໘ A/ιͷۃখඇಛҟϞσϧ Km(A): Kummerۂ໘ (K3)

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Shioda).

(i) Km(A)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A)) = b2(Km(A)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

(c) p ≥ 7ͱ͢Δ.

GΛ Abelۂ໘ Aʹ஧࣮ʹ࡞༻͢Δ༗܈ݶ,

A/Gͷۃখඇಛҟۂ໘͕ K3ۂ໘ʹͳΔͱ͢Δ.

ͦΕΛ Km(A,G)ͱॻ͖ҰൠԽKummerۂ໘ͱ͍͏.

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (K-).

(i) Km(A,G)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A,G)) = b2(Km(A,G)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 3͔ͭ σ0 ≤ 6ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 5͔ͭ σ0 ≤ 3ͷͱ͖͸੒ཱ (I. Shimada)

(b) p ≥ 3ͱ͢Δ.

A: Abelۂ໘, ιΛ Aͷ൓స (ι(x) = −x, x ∈ A).

঎ۂ໘ A/ιͷۃখඇಛҟϞσϧ Km(A): Kummerۂ໘ (K3)

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Shioda).

(i) Km(A)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A)) = b2(Km(A)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

(c) p ≥ 7ͱ͢Δ.

GΛ Abelۂ໘ Aʹ஧࣮ʹ࡞༻͢Δ༗܈ݶ,

A/Gͷۃখඇಛҟۂ໘͕ K3ۂ໘ʹͳΔͱ͢Δ.

ͦΕΛ Km(A,G)ͱॻ͖ҰൠԽKummerۂ໘ͱ͍͏.

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (K-).

(i) Km(A,G)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A,G)) = b2(Km(A,G)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich [?]).

(b) p ≥ 3ͱ͠, AΛ k্ͷ Abelۂ໘, ιΛ Aͷ൓స (ι(x) = −x, x ∈ A)ͱ͢Δ. ঎
໘ۂ A/ι͸ ,ͷ௨ৗೋॏ఺Λ΋͔ͭΒݸ16 ͦΕΒͷಛҟ఺Λղফͯ͠ಘΒΕΔۃ
খඇಛҟۂ໘ΛKm(A)ͱ͔͘. ͜Ε͸Kummerۂ໘ͱΑ͹ΕΔK3ۂ໘ʹͳΔ.

͜ͷͱ͖, ࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Shioda [?]).

(i) Km(A)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A)) = b2(Km(A)).

(iii) A͸௒ಛҟAbelۂ໘Ͱ͋Δ.

(c) p ≥ 7ͱ͢Δ. GΛ Abelۂ໘ Aʹ஧࣮ʹ࡞༻͢Δ༗܈ݶͱ͠, A/Gͷۃখඇಛҟ
.໘ʹͳΔͱ͢Δۂ໘͕K3ۂ ͦΕΛKm(A,G)ͱॻ͖ҰൠԽKummerۂ໘ͱ͍
͏. ͜ͷͱ͖, ࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Katsura [?]).

(i) Km(A,G)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A,G)) = b2(Km(A,G)).

(iii) A͸௒ಛҟAbelۂ໘Ͱ͋Δ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 3͔ͭ σ0 ≤ 6ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 5͔ͭ σ0 ≤ 3ͷͱ͖͸੒ཱ (Pho-Shimada)

X ΛK3ۂ໘ͱ͢Ε͹, dimH2(X,OX) = 1Ͱ͋Δ͔Β, X ͷࣜܗత Brauer܈ Φ2
X ͸

Ͱ͋Δݩ1࣍ (ఆཧ .(রࢀ?? ͦͷϋΠτΛ hͱ͢Ε͹, h͕༗ݶͷͱ͖͸໋୊ ??ͷ݁Ռ
ΑΓ͞Βʹ͘ڧ

b2(X)− 2h ≥ ρ(X)

͕੒Γཱͭ (Illusie [?]). K3ۂ໘ͷࣜܗత Brauer܈ͷϋΠτͱ Picard਺ͷؔ܎ʹ͍ͭ
ͯ, ࣍ͷ݁Ռ͸Artin༧૝ͱݺ͹Ε͍͕ͯͨ, Maulik [?], Charles [?], Pera [?], Kim-Pera

[?]౳ʹΑͬͯղܾ͞Εͨ1.

ఆཧ
X Λඪ਺ p > 0ͷ୅਺తดମ k্ͷK3ۂ໘ͱ͠, X ͷࣜܗత Brauer܈ͷϋΠτΛ h

ͱॻ͘. ͜ͷͱ͖, h =∞ͱͳΔͨΊͷඞཁे෼৚݅͸ ρ(X) = b2(X)ͱͳΔ͜ͱͰ͋Δ.

1͜ͷఆཧ͔Β༗ݶମ্ఆٛ͞ΕͨK3ۂ໘ʹର͢Δ Tate༧૝͕ै͏ (Nygaard [?], Nygaard-Ogus [?]).
Tate༧૝͸ॏཁͳ༧૝Ͱ͋Δ͕, ࿩୊͕ຊॻͷ࿮Λ௒͑ΔͷͰ͜͜Ͱ͸ѻΘͳ͔ͬͨ (Totaro .(রࢀ[?]
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༧૝ (Artin-Shioda) K3ۂ໘X ʹରͯ͠,

X ͕୯༗ཧۂ໘⇐⇒ ρ(X) = b2(X).

⇒ ͸͢Ͱʹड़΂ͨΑ͏ʹ੒ཱ͢Δ. ⇐ ͸࣍ͷ৔߹ʹ͍ࣔͤͯΔ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 3͔ͭ σ0 ≤ 6ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 5͔ͭ σ0 ≤ 3ͷͱ͖͸੒ཱ (I. Shimada)

(b) p ≥ 3ͱ͢Δ.

A: Abelۂ໘, ιΛ Aͷ൓స (ι(x) = −x, x ∈ A).

঎ۂ໘ A/ιͷۃখඇಛҟϞσϧ Km(A): Kummerۂ໘ (K3)

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Shioda).

(i) Km(A)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A)) = b2(Km(A)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

(c) p ≥ 7ͱ͢Δ.

GΛ Abelۂ໘ Aʹ஧࣮ʹ࡞༻͢Δ༗܈ݶ,

A/Gͷۃখඇಛҟۂ໘͕ K3ۂ໘ʹͳΔͱ͢Δ.

ͦΕΛ Km(A,G)ͱॻ͖ҰൠԽKummerۂ໘ͱ͍͏.

࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Katsura).

(i) Km(A,G)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A,G)) = b2(Km(A,G)).

(iii) A͸௒ಛҟ Abelۂ໘Ͱ͋Δ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich [?]).

(b) p ≥ 3ͱ͠, AΛ k্ͷ Abelۂ໘, ιΛ Aͷ൓స (ι(x) = −x, x ∈ A)ͱ͢Δ. ঎
໘ۂ A/ι͸ ,ͷ௨ৗೋॏ఺Λ΋͔ͭΒݸ16 ͦΕΒͷಛҟ఺Λղফͯ͠ಘΒΕΔۃ
খඇಛҟۂ໘ΛKm(A)ͱ͔͘. ͜Ε͸Kummerۂ໘ͱΑ͹ΕΔK3ۂ໘ʹͳΔ.

͜ͷͱ͖, ࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Shioda [?]).

(i) Km(A)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A)) = b2(Km(A)).

(iii) A͸௒ಛҟAbelۂ໘Ͱ͋Δ.

(c) p ≥ 7ͱ͢Δ. GΛ Abelۂ໘ Aʹ஧࣮ʹ࡞༻͢Δ༗܈ݶͱ͠, A/Gͷۃখඇಛҟ
.໘ʹͳΔͱ͢Δۂ໘͕K3ۂ ͦΕΛKm(A,G)ͱॻ͖ҰൠԽKummerۂ໘ͱ͍
͏. ͜ͷͱ͖, ࣍ͷ 3৚݅͸ಉ஋Ͱ͋Δ (Katsura [?]).

(i) Km(A,G)͸୯༗ཧۂ໘Ͱ͋Δ.

(ii) ρ(Km(A,G)) = b2(Km(A,G)).

(iii) A͸௒ಛҟAbelۂ໘Ͱ͋Δ.

(a) p = 2ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 3͔ͭ σ0 ≤ 6ͷͱ͖͸੒ཱ (Rudakov-Shafarevich)

p = 5͔ͭ σ0 ≤ 3ͷͱ͖͸੒ཱ (Pho-Shimada)

X ΛK3ۂ໘ͱ͢Ε͹, dimH2(X,OX) = 1Ͱ͋Δ͔Β, X ͷࣜܗత Brauer܈ Φ2
X ͸

Ͱ͋Δݩ1࣍ (ఆཧ .(রࢀ?? ͦͷϋΠτΛ hͱ͢Ε͹, h͕༗ݶͷͱ͖͸໋୊ ??ͷ݁Ռ
ΑΓ͞Βʹ͘ڧ

b2(X)− 2h ≥ ρ(X)

͕੒Γཱͭ (Illusie [?]). K3ۂ໘ͷࣜܗత Brauer܈ͷϋΠτͱ Picard਺ͷؔ܎ʹ͍ͭ
ͯ, ࣍ͷ݁Ռ͸Artin༧૝ͱݺ͹Ε͍͕ͯͨ, Maulik [?], Charles [?], Pera [?], Kim-Pera

[?]౳ʹΑͬͯղܾ͞Εͨ1.

ఆཧ
X Λඪ਺ p > 0ͷ୅਺తดମ k্ͷK3ۂ໘ͱ͠, X ͷࣜܗత Brauer܈ͷϋΠτΛ h

ͱॻ͘. ͜ͷͱ͖, h =∞ͱͳΔͨΊͷඞཁे෼৚݅͸ ρ(X) = b2(X)ͱͳΔ͜ͱͰ͋Δ.

஫ҙ. C. Liedtkeͷ࿦จ͕ 2015೥ʹ Inventionesʹग़൛͞Ε͕ͨ, ༻໋͍ͨ୊
ʮsupersingular K3ͷ elliptic fibrationʹ͸purely inseparableͳmulti-section͕͋Δʯ
ͷ൓ྫΛ Bragg-Lieblich͕͚ͨͭݟͷͰ, നࢴʹ໭ͬͨ.

1͜ͷఆཧ͔Β༗ݶମ্ఆٛ͞ΕͨK3ۂ໘ʹର͢Δ Tate༧૝͕ै͏ (Nygaard [?], Nygaard-Ogus [?]).
Tate༧૝͸ॏཁͳ༧૝Ͱ͋Δ͕, ࿩୊͕ຊॻͷ࿮Λ௒͑ΔͷͰ͜͜Ͱ͸ѻΘͳ͔ͬͨ (Totaro .(রࢀ[?]
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໰୊ superspecial K3 surface͸ Zariski surface͔?

ͭ·Γ, P2͔Β purely inseparable degree pͷ dominant rational map͕͋Δ͔?

Partial Answer:

p !≡ 1 mod 12ͳΒYes

p = 13΋Yes
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