79th Encounter with Mathematics
TAvaxAVARER - ZaF s YEFOEE
2015. 3.14.

— BRF A
& HEAZRRAZ F\ Ve JE— L

(RFR, HRLE, ThEE, REEZLOHRMARICEIC)

RBRAILKEF EEBrE— BB P ZeFh
AR Fi




$ 9

Einstein A2 D,

o ELZUfE Ray =0

— Minkowski HFZE
— de Sitter 2

— anti-de Sitter f%2

H

G

Rab — Ag ab

— Schwarzschild #, Kerr fi#,

AR — T
— ER

1
o MMEHZIHY L -f% Rap = 1qp — §Tgab + Agabu

— AR TH
— Einstein DOFRAYFH

— Tolemann-Bondi fi#

“Exact Solutions to Einstein’s Equation”
Stephani, Krammer, MacCallum, Honselaers,Herlt
Cambridge Univ. Press



— R ERDOA LA PEY IR
« 77wk —IL

» BN
- ERFTH

1
RPW — §RQ’#H = SWGT’LW



AESHE (Lorentz 518)
Sgn(g):(_1111111)
TOXM  (ARTHZE)

i"""'@ ERIBE
ZRIDOIFHARE



— g B X i
0(Sg + Sm) =0

_ 1 4
S = e / v —gd xR + (surface term)

1
R,u,y — §RQHH — SWGTFW

- - |

g & ZEzH—aIcHE > D - -



s T 5/QL&§_0

ds® = guwdxtdz” pov---=0,1,2,3
. N _
u’"V,ut = Nu’”’ N :=+/—qgzx
7 — 5
2
% = —1 gguu”up = —1
uw’'Vyut =0 7o

2. A=2"=t. W"=1

sz‘ '
éz__r%+ﬂ%&ﬁ)




M 25 A N L

L,z2=0
D? 2+

d7?

I 577 v_p, O
= —R\ u 2 u

B, = V,u,

0 = BY, =V,u", (Expansion)
1
O = B, — gf?h,ﬂ,, (Shear)

W = B, — B (Rotation) u

VL

D*z+ L,
— — af _ af3 v v
T (39 + 0op0 Wopw™ + Rutu ) 2z



\

YFirEZ b - 7-0FZ=



RTERCERTIBYEN n(n+1D)/2BDERTZH2HD

A
R,uv)\p — § GurGvp — GupGv

Het
3

BRARXITRRG

A>0 A = A<O

de Sitter B§Z2 Minkowski 22 Anti de Sitter KFZ2

IS
IS
F e
SIS
SIS
R P PP
SIS
B P P PP P P
ST
e R P P PP
A PP PR
TSI
B P LR P R
B P L PP PR
B L PP PP
B L PR P R P
B L PP R P
B L PP R P
B L PP R P
B L PR P PR
e R PP Ry
o R PR
B PP PP PP Py
F e P P PR
B P PR PR
TSI
E R P PR )
B P PP Ry
EEP R R Ty
R T
TS
[ Y




3
ZZ [

Fes i

] o5
[

de Sitter FFZ2 Anti de Sitter BFZ=



5 - ZRIBIC—FRGEG

I

I

Einstein O FFHNTE

uny

C

1
Rap =Ty — =T gap + AGan,

2

r=10
(coordinate axis)

_Matter world-line

“" (r, ¢ constant)

Null cone

includes circle

circle\

1
r > log (144/2)
(closed timelike » = log (14 ,2)
curve) (closed null curve

Null cone  tangent to

p"’s future null cone
(refocusses at p”)

p ’s null cone refocusses at p’

Caustic on p’s
future null cone

Null cone
includes circle

p’s future \t’ =0
r < log (1442) o null cone
(closed spacelike
curve)

Godel FH




M—Em () HPEAHFF  (

o o |

PRI IE—ER)

MREAFBEET I/ . Friedmann-Lemaitre-Robertson-Walker model

1.0

ZE A’ IE SR ZHE AR ZRH E R

LR FEETL FREFEET ‘B FEHETNL






STEDEE{L
ds* = —dt* + a(t)2’md$id:{:j i, j---=1,23
%jdﬂ?idfﬁj : 3 RICIE HH 2R 2E ]

Friedmann - Lemaitre - Robertson-Walker # &=

ME»H DOEE1
ab a b ab a_ b
T = puw’ + p(g"" + u"W’)  seamkoiRAESER (barotropic)
u® = (1,0,0,0)




— 1
ds? = —dt* + a(t)%yda'da’ Ry = 5Rgu = 87GT,,,

BRI ZEE
<\ 2
a 8rG k f
— = T D) +1 ~ posttive curvature
a a
k=4 0 ~flat
a e
— = 3 ( P+ 3p) —1 7 negative curvature
a \
PRAE 7725

p = p(p) 22 [ () — ok



TRV —FH

59\ R L X — S5 p>0, p+p=>0
FEOEHHIENHEST 5 =1 ILF —ZENREITE S50

G T L X — & ptdp =20
EH 1501 ¥ ULTEHT %
A T 3L ¥ — St p > |p

T AINNF—DEZHEZ TERE LWL



Ok O >+ S Hif 4}

a 2 (3 L +1 v positive curvature
<_) — 3 _@ k=4 0 ~flat

—1 ~ negative curvature

\

W= FH

iy L 72 A1)
p=0, dust fluid

_ -3
P = poa
FAU 58

t—0  a(t) = apt??

i) (E) X t_2? ﬁ X t_4X3 (
a a?

FHROIATIX, 2R SRR IS THERTE 5.

| -

)



> X a0 =3 ?O O‘:\ \\
A2 MfA BAREE SR N O
> O
| O O,
p_n(mcg+2m<v2>) //O O
~ nch

p~nm<oU-U >

HGEFIOZ AN F —DEBEIRILF —IZHARTEHETX 3

p=>p




Ok O >+ S Hif 4}

a 2 (3 L +1 v positive curvature
<_) — 3 _@ k=4 0 ~flat

—1 ~ negative curvature

\

W= FH

iy L 72 A1)
p=0, dust fluid

_ -3
P = poa
FAU 58

t—0  a(t) = apt??

i) (E) X t_2? ﬁ X t_4X3 (
a a?

FHROIATIX, 2R SRR IS THERTE 5.

| -

)



T AL F —
ds?

S i 7o T EOTRMANITN LT
= —dt* + a(t)*v;;dz'dx’

a(t) = t9,

F

3.0+

g

F

0<qg<l1

FioEizsk t— 07T

RONFEE VIR S



FH D RLFH R

: @@ O .qO ()/
@k
@ a
s
o
H €
S @} i
B




FHICHEELSFENDDIZ
XAFE (—#kFH) ORLITEN?

Wi ZEOHT-FHET I
(—¥ - IEFEAFHETIV) OHE



HAWKING D4SE S FIE

FHPIRL TWERHIE, BRICEHDIES RFRMIEET 5
ClEic= e

1. Einstein 7DD /D
2. HEODFHIIFRLTWS
3. TRNF -l

4. FEIEEEEARE (Closed Timelike Curves) D31F{E L 720



HAWKING D4SE S FIE
TFEHMEL TWARHIX, MEICIHIrDITS L RESICEET 5

GlE=S e

1. Einstein FfEXD3E D 32D

2. HEDOFHIIKRLTWS

3. TANF KMl s
4. FEIIIFFREIREAEFR (Closed Timelike Curves) D3#TE L7&ZW
(Sl O I USRS B T8 20 o 72, A
—FRIEF T FHE T VZ, FIHAR R ROEE O FH O — IR R FE
BT 5 L EZ BN, y




Belinsky-Khalatnikov-Lifshitz(BKL) 18

AR RS O TlE. FFEOZERINR L X b RN 2RI D,
B RDIEEZ L IZ— R FHE L TOREVWEZ T 5.
R EIED IZON T, ZRIORFEFEIZ D F AN RIRE 2R 7.

V. A. Belinsky, I. M. Khalatnikov, and E. M. Lifshitz,
" Oscillatory approach to a singular point in the relativistic cosmology.”

Advances in Physics, 19(80), 525-573 (1970).
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Landau and Lifshitz, “The classical theory of fields”

R. Kantowski and R. K. Sachs,
“Some spatially homogeneous anisotropic relativistic cosmological models,”
J. Math. Phys. 7, 443—-446 (1967).
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ds® = —dt* + a*(t)dz* + b*(t)dy* + c*(t)dz".

(abc) N (abc) (abc)

— Rt = 0, —R:= =0, —Ri= =0
L abc 2 abc ) abc
i b ¢
~-Ry=-+-4+-=0.
A
a’(t) =, V(b)) =72, (L) =t
P11+ P2+ p3 = prf -+ pg + p% = 1. Kasner solution

E. Kasner, ” Geometrical Theorems on Einstein’s Cosmological Equations,” American Journal

of Mathematics, vol. 43, no. 4, pp. 217-221, 1921.
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Canonical theory of gravity
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Arnowitt, R., Deser, S., and Misner, C. W. (1960).
”Canonical variables for general relativity.”

Physical Review, 117(6), 1595.



ds* = —N?dt* + v;;(t)o'o?

(28, 0 0 )
g =€ 0 28, 0 By + By + B3 =0
\0 0 253)

51:5++\/§ﬁ—: 52:5+—\/§ﬁ—a B3 = =20,

Sa = /dt(dpa + Bip+ + B_p— — NHy)

1

Ho —
07 9430

(=pa + 0} +p) — ™ OR




Sa = /dt(‘jfpa + Bips+ + Bop- — NHy)
1
24e3

Hy = (=p2 +p +p°) —e* OR

a =1 a =1
Sa = /(P+dﬁ+ + p-df- — hda)
h=(pl+p> —[2466““ (3)R])1/ ’

F o ZEATRT vl

C. W. Misner, ”"Mixmaster Universe.” Phys. Rev. Lett., 22 (1969), 1071.
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M. P. Ryan, L. C. Shepley, Homogeneous Relativistic Cosmologies. Princeton Series

in Physics (Princeton University Press, Princeton, 1975)
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V. A. Belinsky, I. M. Khalatnikov, and E. M. Lifshitz,
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" Oscillatory approach to a singular point in the relativistic cosmology.”

Advances in Physics, 19(80), 525-573 (1970).
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L. Z. Fang and H. Sato,

“Is the periodicity in the distribution of quasar red shifts

an evidence of multiply connected universe?”,

Gen. Rel. Grav. 17, 1117-1120 (1985).
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“Computation of eigenmodes on a compact hyperbolic space”,

Class.Quant.Grav. 16 (1999) 3071-3009.

Kaiki Taro Inoue, Kenji Tomita, Naoshi Sugiyama,

“Temperature correlations in a compact hyperbolic universe”,

Mon.Not.Roy.Astron.Soc. 314 (2000) L21.

Kaiki Taro Inoue,

“Geometric Gaussianity and nonGaussianity in the cosmic microwave background”,

Phys.Rev.D 62 (2000) 103001.
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William P. Thurston,

“Three-dimensional geometry and topology”, Levy, Silvio (ed.),
Princeton Mathematical Series, vol.35 (1997),

Tatsuhiko Koike, Masayuki Tanimoto, Akio Hosoya

“Compact homogeneous universes”,
J.Math.Phys. 35 (1994) 4855-4888

Masayuki Tanimoto Tatsuhiko Koike Akio Hosoya

“Hamiltonian structures for compact homogeneous universes”,

J.Math.Phys. 38 (1997) 6560-6577
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Thurston’s theorem

Any maximal, simply connected three-dimensional geometry which admits a

compact quotient is equivalent to the geometry (M, IsomM) where M is one of

E3, H?, S% S?*x R, H> xR, SL(2,R), Nil, and Sol.
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Tatsuhiko Koike, Masayuki Tanimoto, Akio Hosoya
GOG HOTo “Compact homogeneous universes”,
J.Math.Phys. 35 (1994) 4855-4888
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Masayuki Tanimoto Tatsuhiko Koike Akio Hosoya
“Hamiltonian structures for compact homogeneous universes”,

J.Math.Phys. 38 (1997) 6560-6577
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Jun-ichi Inoguchi, Marian Ioan Munteanu, and Ana Irina Nistor

“Magnetic curves in quasi-Sasakian 3-manifolds”

Analysis and Mathematical Physics, Volume 9, pages 43-61, (2019)
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Contact manifold

M . (2n + 1) -dimensional manifold

Na =1 (dz'), : 1-form on M
Contact 1-form n, on M

|
n -times

[n/\dlnx\m/\dpgéo]

Reeb vector &£°

Uafa — 7'](45) — 1:' dnabga — dn(ga ) — bfd?? — ()



Contact metric manifold

Introduce a (1,1) tensor ¢ : (vector) — (vector) satifying

[¢52(X) = —X+£&E® T)(X)], for arbitrary X.

If g and ¢ satisty

[ 9(6(x),60)) = 9(X,Y) — n(X)(),] for arbitrary X,¥

g is called compatible metric.

Furthermore, if it holds that

[ 5(X.0(V) = dn(x.Y) | e e
U = g\A, Q)

(M, ¢,&,m, g) is called a contact metric manifold. g(&,6) =1,




Reeb vector in 3 dim.

n A dn= 0 :>[gor0tg7é0]

(dn)aé" =0 = £V, =0]
Qabfaﬁb =1

The Reeb vector is twisted, and a geodesic tangent.
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Contact metric manifold (M, ¢, €, 7, g) is a Sasakian manifold if
9, 0l(X,Y) +dn(X,Y)§ =0 normal
0, 0](X,Y) := ¢°[X, Y]+ [0(X),6(Y)] — ¢([6(X),Y]) — o([X, ¢(Y)])

Nijenhuis tensor

3-dim. Sasaki Space is n—Einstein
a,b _B ga,b AI_’)/ Na'lb, [ﬂ?ﬁ/ VCB&%IZ&EL\]

37k tSasaki ZEfi] &
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B, = V,u,

0 =B, =V,u", (Expansion) =— 0

1
O = B, — §9hw, (Shear) — 0

Wy = B, — B,,, (Rotation) # 0

D*zH 1
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ds* = —dt* + ds3,,
ds3; = a® (d6* + h(0,¢)* dp?) + b*(dy + f(0, ¢) dp)?,
h(0, ¢) = Dp.f(0,).

o :=dt, o':=df, o*:=hdp, o°:=dp+ f(0,0) do,

do® = ot N o2, o3 Ndo? # 0,

contact form
Sy = 0, §(y) = Oy,
Reeb vector [ Killing vector
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Ricci

ds* = —dt* + ds3y,

ds3; = a® (d6? + h(0, ¢)* dp?) + b*(dy + (0, ) do)?,

N:base space ;g 4y .~ 9,7(0, ).
Ricci curvature

1 b? . .
R, = (QRN — 274) (olo} + o207 4+ 020}) [ n-Emstem]
> 1 5 3
+ (g — ERN) 0,0p;
2 32h(0,
Ry = 010, ¢) N @) scalar curvature

@ h,p)
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4-velocity
v dr " YT T 2/ 2
T dr /1 —v2/c
ydxtdz?
gabuaub _ I — 2 Lorentz factor
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Counter flow =*Reeb vectorARIZEENT SHHIF

a a 14 a
+ mg(iﬁ)@m f(w)’
a 1 a 14 a
- = o O g

where v 1s a function on V.
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EFSiA L S0 =0 &y =0
Counter flow =*Reeb vectorARIZIEENT HHIF

a 1 a 14 a
Uy = N g(t)@m S(w):
1 v
ul = ; 0>
N r(E(t)G) J1 =2 5(10)

where v 1s a function on V.

WiVl = 0. | mrommAR AR

Energy—momentum tensor

1
Tab _ 5nfzi’l(uﬂ’_ X ui +ul @u’) n(6, @) : number density

1 a b Vz a b
=mn\ 350 ® S0 T 725w ®sw) ) »



Einstein A&

1
Rap =Ty — §Tgab + Agap,

b? 1 b’
R, = (_ﬁ — ERN) (Jal ®O'bl —I—Uf ®O'b2) + ga‘s 0% Gg.
Loy = mn ! o’ ® o) + v 0’ ® o}
¢ 1 —v2/c2 " 70 ] =220
1
_QTga,b + Agab
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1
Rap = Ty — =T gap + Agap,

2
1 1 +v(8, ¢)

00 0= Emn(é),qb)(l —v(9,¢>)2) A

o1 1
(1,1) (2,2) o4 + ERN — Em”(ea )+ A,

b1 1 4+ v(0, ¢)?
(3,3) i Emn(G, b) (1 0. (;!))2) + A
2
A = b— > 0

- 4q4



N E®DEinstein AFE X

[RN(Q, ¢) =mn(0, ¢) + 6A.]

2 32h(6, ¢)
a’ ho,¢)

Ry
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A h(B, @)+ a*w(d, p)h(d, ¢) = 0,

w(l, @) = %mn(@, @)+ 3A.

\_ J

dsi; = a* (d* + h(0, $)* dp?) + b*(dyp + f(0,¢) do)?,

(h(0,¢) =0,
h'(0,¢) = 1.
h(6,0) = h(6,27)

\_ J




Non-axisymmetric cases

(6, ¢)=—cosb + Bsin’ 6 cos ¢,
h(0,¢)=snb + 58 sin® 0 cos 6 cos ¢,

308 sin 46 cos ¢ )
1 +58sin* 6 cosfcosp/
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contact manifold

nAdnA---Adn #0
nfanrs

tedn = dn(§, -) =0,

ten =n(€) = 1.




compatible metric h

h(pX,9Y)=h(X,Y)—en(X)n(Y),
h(X,eY)=dn(X,Y),

h’(&:r ) = E7). h(€,€) = e.




e =20

h(§,-)=en. == h(¢, -)=0,

metric is degenerate,



3-dimensional metric on M s)

hig =ho +en@n

Euclidean fore =1
the metric hs) is ¢ Lorentzian for e = —1
| Null (degenerate) for € =0

Compatible metric

hi (X, @Y ) = h) (X, Y) —en(X) @ n(Y)
(¢, &,m, h(s)) is an almost contact structure
hs) (X,¢Y)=dn(X,Y)

(p,&,m, h(s)) is a contact structure



dn(§,+) =0, n(§) =1
his) (X, @Y) = hi)(X,Y) —en(X) @ n(Y)
h ) (X,¢Y)=dn(X,Y)

<

< AS
(&) =0 ﬁi\
his (X, X) =0 D R
hs(€,€) = ¢ — j

for e #0  hywé’ =1,

& is metric dual to 7.




Null case € =0.

the metric is degenerate along &:

h(€,:) = h@3)(&,)) =0
connection V cannot be uniquely determined.

Ric cannot be uniquely determined.



Lift up to 4 dimensions

g=hg +b(nN@du+du®n)+cdu® du
=ho+an@n+b(Mdu+du®n)+cdu®du

a b C H. Ishihara and S. Matsuno,
+ 1 0 —1 PTEP 2022, 023E01(2022)
1 0 11 PTEP 2022, 013E02(2022)

H. Kozaki, Hideki Ishihara, Tatsuhiko Koike, Yoshiyuki Morisawa

0 +1 0 Phys.Rev.D 110 (2024)



RLNTE=XNVT7 74 N—%H D5
g =a’(u)[-2(dv + wfdy)du+ dz* + fdy’].
2ODMBHBEBE D a=alu), f=f(z,y).

 WE NIV AN A %:zg
SEEIG% ) Y 7Ry b <k

(!
«\fh
k:=0 o
AEETEITEI (degenerate)
0O 0 0
h=a"|0 1 0].
0 0 h?




g = a*(u)[—2(dv 4+ wfdy)du + dz* + 2 dy?.
" s 1 9 _
LA ERY SR — = ¢

0
ARG ) ' RT R L 5 — k

& FIEHTHIMIER DBE R 7 F v
£,k Tk % 2 0tHEMNhm (R bV > 7o)

Hiroshi Kozaki, Tatsuhiko Koike, Yoshiyuki Morisawa, Hideki Ishihara,

“Nambu-Goto strings with a null symmetry and contact structure”,

Phys.Rev.D 108 (2023) 8, 084069.



non-degenerate cases € = +1
g = —edu® +n®@n + dz? + hidy?

n(€) =1

h, -)=en.  g(&+)=¢n
degenerate case € = 0

g=n®du+du®mn+ dz* + hidy’

n(€) =1

(g, ) =0 [ 9(&-) = —du

L 90u,-) =—n

~




Ricci tensor

. Ra 1 N oo

Rab (2) hab ) a a b
2a4 ( 2a* a &%

g J

€ is NOT metric dual to n.

e # 0 cases
Ric=pBhg +vyn®n
1)— Einstein




Einstein equation

G = kT
R 1 (IH
ab (2) rragb a ¢b a ¢b
= — 2
G 2@2(£k+k£)+(2a4 a)ﬁﬁ
0 0
=5 T 5
G =~ (Tcosmic strings T T dust)

n(x,y)p
Teosmic strings — 2 ERk+ERE) Y

AT

Tl dust = P& ® &



Decoupled equations

G =~k (Tcosmic strings T Tl dust)
R(2) |
7 — Hlﬂn(x: y) 48 31 gk AN~ 0 o
h 1 a
_ 2a* a p(u)

R T a(u) IZXNVE A DT FRIVF—EE p(u) THRES

KM DGR fo.(v,y) EFHO D DEEE n(x,y) TRE 2
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faze = —6pn(z,y) f 2. n(x,y) = const.
=0, y=y

g = a*(u)[=2(dv + w cos O)du + df* + sin® Odp?].

\ J
|
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r=0
E# F ﬁ (coordinate axis)
Matter world-line
P p"’s future null cone
L) E (r, ¢ constant) \il/ (refocusses at p”)
~
Null cone p s null cone refocusses at p’
Null cone  tangent to
includes cirele Causti )
circle . Null geodesics el
\ A | future null cone
’ Null cone
tangent to
= = <
i Null cone
! ' includes circle "L
p’s future \[, =0
r < log (144/2) 2 null cone
(closed spacelike
curve)
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