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Background : Shape of Data

Data-driven science studies potential values of big and

complicated data by machine learning and Al
Point cloud data
s S,

. g .'.""...'.. 2
.‘5.}: . .."o'
v A 30
Pl How

o

"{ . -10 dlfferent?

3D image data

How
different?

mm)> develop mathematical theory for shape of data




Idea : Shape of Data

Input data

. o ., OO

small hole small hole
appears disappears

resolution of data

Il
i

- fattening point data

- changing resolution for multi-
scale analysis

- characterization using birth &
death of holes

(ref.' Edelsbkunner, Mué'ke) '




Persistent homology and persistence diagram

Persistent
Input data # # Shape of data
Homology
- characterize holes in data £ ) V,
- describe number, size, and shapes g”
- multi-scale analysis o
Atomic configuration of i aity " *
hemoglobin Persistence Diagram (PD)

Persistence diagram of point cloud : :
Persistence diagram

Fattening (filtration) o A

2
o c| @

o | -

o =P —> - <
. -|C-U' d ........

b d O

dmm |3

Data birth of hole  death of hole inverse
- each point (called generator) in PD expresses a hole in data

- birth & death axes measure shapes of holes b birth ra ditl .

- points close to diagonal are noisy
- points away from diagonal are robust Note: 2D histogram uncovers further geometry




1. B

2. T—9 DX}MEETIV

3. N—IAFRREOQY—DEA

4. RBWHARE (7 1/N\—DREH

5. TEEEIE

6. 5t &Y 707

7. InF (MREE)




Cech complex and nerve theorem

e Input pointcloud X ={z; e R™ |i=1,...,n}
(e.g., atomic configuration, sensors etc)

« Cech complex

C(X,r)={|zi, - x4,]| | ﬂ;c:o B,(z;,) # 0} Cech complex model
of hemoglobin

example Nerve Theorem
Uzex Br() Upex Br(x) 2 C(X,r
e homotopy equivalence
‘ i i e preserve hole information
e LHS: atomic configuration,
Jaholein UycxB, () sensor location, data points

® RHS: easy to treat in
computer




Rips complex

Cech complex:---- building in higher dimensions
IS hot easy

* Input pointcloud X ={z;, e R" |i=1,...,n}
* Rips complex

R(X,7) = {lziy -~ @i, | | Br(xi,) N Bp(xi,) #0, 0< s <t <k}
note: checking pair-wise intersections

® NOT preserving hole
information in general

e computable even in
higher dimensions (only
requiring distance matrix)




Filtration for multi-scale analysis

e Let K(X,r)=C(X,r) or R(X,7)

> K(X,r) C K(X,s) forr<s

(.- checking nonempty intersections)
-0
° °°»°>»Q»@»@

e {K(X,7)}r>0: filtration
(fattening sequence)

—

* the parameter r controls
a resolution of data

= = V. e
| LR X ox
1 4B A
| ke &
| T :‘«
i wRCaA < I
| TR
i ~ a".' 4
i [
| T
e Y
| o) Sk
i . s A5 R
5 | Afz % i i &)
. HeaE Y :

(ref. Edeisbkﬁnner, MLicke)



Sublevel set

-amap f : M — R on a metric space (M, dy)
- sublevel set M), = {xr € M: f(x) < h}
- filtration M;,, C M,;, C---C My, by h; <hy <---<h,

Applications

¢ digital images
e cyclone tracking o,

(Inatsu)
: ?: - N ‘;T;': - c ]
| B ’/,}’{\% slice Images of I == gray scale
‘ A 5 i g digital image
«.  Ironore sinters
o gEst T ¥  (Kimura, KEK)

e Forapointcloud X ={z; e M:i=1,..., K}, define

distxy : M — R by distx(z) := melf)lc dnr(x, x;)

M;, = U Bh(xi) Point clouds can also be studied by sublevel sets
xr;€X
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Persistent homology and persistence diagram

Edelsbrunner, Letscher, Zomorodian, Carlsson, de Silva

’ OO-P ’ > sy Q iy $ sl {Hl(X):[[?),zl]}

e filtration ¥ : X; c Xo C--- C X,
o persistent homology H,(X): Hy(X1) = Hy(X3) — -+ — Hy(X,)
(representation on Aﬂ) ?—Pg—b —Nz

e interval decomposition (Gabriel’s Theorem)
5 d - b : lifetime (or persistence)
Hy(X) :@I[bi,di] Ib,d:0— 02K —>K-—>0—-—0
=1 T at x, at X,
each interval represents birth & death of a topological feature

o persisten(ce )diagram Dy(X) = {(b:-, di) ER?*:i=1,...,s}
PD ’

0
-0.5 0 0.5 1 L5 2 25 3

» birth _ b T ] ]
b; atomic configuration of glass  persistence diagram of glass




Persistent homology of digital image

1. Grayscale persistence
grayscale
A

h4 ||}
x|

h2
h1

: :
I I gray scale
digital image

e sub-level set X, :={x € X | f(z) < h}

e fattening X, c X, Cc---C X},
by hi < hs <--- < hr

Persistence diagram of digital images

birth scale=b death scale =d

2. Spatial persistence

black-white
image

Persistence diagram

a >
b birth

Characterize grayscale/spatial persistent holes in images




Historical remarks

Computational homology project ('02-present)
- MEAY—FERHEORFE L NFERZRIDE LTEBBEANDIHGA (Mischaikow, Mrozek,

Pilarczyk, 53, ¥, BT etc)
« ANT—5D2MEL (RT—ILDEE) HihE

Edelsbrunner, Letscher, and Zomorodian (’02)
(BREMNE) BEFEEEFETILML—20avItHUTRYy FHROELLZRANDS
- ERSBROBRNT7ILI )X LZRT

Zomorodian and Carlsson (’05)

- &D—RMIRERTE (persistence modules) TOXMEIEEEDIEA, /IN\—YXATFY NEIDEA
- REfTZNEEE UTHER (BREAR) ZEATIERIL

. ZomorodianlZZFDELEAN (D.E.Shaw & Co — BERLBAYI T 7Y RD—D)

de Silva and Carlsson (’10) ZDMDRN
« An7M—N\DORBEE LTOERIL - TEEEE
N — . R
REMAROEERE . SR
multi-parameter persistence -
- fREt - WS
Carlsson and Zomorodian (’09): Grobner basis . SH

Escolar and H (’16): Auslander-Reiten theory
Justin Curry (’14), Kashiwara-Schapira (’17): (co-)Sheaf, micro-local analysis
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Representation of quivers (associative algebras)

_ ¥ set of arrows A o O—tn ety

® Quiver () = (Qo, Q1) Y w
R_set of vertices L. - ::i

® Path algebra K(): K-vector space spanned by all paths, i 2 Ty

where the product of two paths is their composition

(87
® Associative algebra A = KQ/I, 1= (p1,...,ps) o—>>o
a relation p = Zle ciwg, ¢ € K commutative relation 5| .- |7
 path [ = (af —~0) 5
® Arepresentation M = (M,, pa)acQy.ac0, ON Q (Or A)
- a vector space )/, on each vertex a € Qg X

- a linear map ¢, : M, — M, foreach arrow a:a — b Paps — Pyps =0
(-op = Z civw; = 0, i.e., composition on relations vanishes)

e An indecomposable representation M: M =N & N’ N=0or N =0
e Krull-Schmidt Theorem: M ~ NM g ... N, N®:indecomposable

e Gabriel Theorem: For an A, -quiver with arbitrary orientations,
M ~ @ Ib,d]™?, mpq € Ng  (interval decomposition)
1<b<d<n

Ib,d:0 - 06K« - K040
atb atd



Persistent homology and persistence diagram

Edelsbrunner, Letscher, Zomorodian, Carlsson, de Silva

’ OO-P ’ > sy Q iy $ sl {Hl(X):[[?),zl]}

e filtration ¥ : X; c Xo C--- C X,
o persistent homology H,(X): Hy(X1) = Hy(X3) — -+ — Hy(X,)
(representation on Aﬂ) ?—Pg—b —Nz

e interval decomposition (Gabriel’s Theorem)
5 d - b : lifetime (or persistence)
Hy(X) :@I[bi,di] Ib,d:0— 02K —>K-—>0—-—0
=1 T at x, at X,
each interval represents birth & death of a topological feature

o persisten(ce )diagram Dy(X) = {(b:-, di) ER?*:i=1,...,s}
PD ’

0
-0.5 0 0.5 1 L5 2 25 3

» birth _ b T ] ]
b; atomic configuration of glass  persistence diagram of glass




Zigzag persistence

Merit for data analysis

* Time series data X (¢) = {z;(t) e R™:i=1,...,K}, t=1,2,...,T
(e.g., protein folding, polymer deformation, moving sensors)

- time series of Cech complexes C(¢) :=C(X(t),r), t=1,...,T
but not filtration w.r.t. time ¢

- zigzag sequence .. <> (C(t) > C(tH)UC(t+ 1)« C(t+1) < ---
-« HC(t) - H(C(t)UC(t+1))«+ HC(t+1) — ---

~ @,1b;,d;] (. representation of A, quiver)
We can study persistent topological features in time series sense

Drawback?

e The spatial resolution 7 is fixed in C(¢t) =C(X(t),r), and
persistent topological features in spatial sense can’t be studied!

What’s next?

We want both!! » persistent homology with multi-parameters



persistent homology with multi-parameters

e multi-parameter persistent homology

- well-defined as a representation, but its
decomposition theory is not understood well.

A, @ A
R : - developing decomposition theory is very
%::%:: :% important for applications in TDA
- Carlsson and Zomorodian (’09) apply Grobner
“time basis to derive (incomplete) invariants

4 space

e persistent homology on commutative ladder

- Escolar and H (’16) apply Auslander-Reiten

L2 ... theory for decomposition theory of n < 4
L :3 - useful in materials science (detecting robust

geometric features in glass under compression
process)

e BOCS representation: ;Z:Z5EEDEEN
(bimodule over a category with a coalgebra structure)



Auslander-Reiten theory and persistence diagrams

Escolar and H. Discrete Comput. Geom. (2016)

e Auslander-Reiten quiver I' = (I'y,I';) of a quiver () (or A)

I'g: the set of iso. classes of indecomposable representations
'y ¢: I = [J] 3 an irreducible map 7 — J

def

® From Gabriel’s theorem on A,-quiver, M ~ EB Ib,d]™4, mpq € No
1<b<d<n

PD is defined as the function D : 'y > I[b,d] — mp 4 € Ny

death 3 ._ )

1.8

1.6

n-1
1.4

1.2

- 10.8

- 10.6

- 104

AR quiver for A,-quiver [ L oo

1 1
1 2 n-1 n birth




Commutative ladder persistence

Escolar and H. Discrete Comput. Geom. (2016)

Study common and robust top. properties under pressurization of materials

e

..........

X

original

...........

commutative ladder persistence with length 3
1 I 1

1
0.8
i/ 0.6

compressed |’

H*(Xr) — H*(Xr U Y;’) — H*(Y;")

e AR quiver

110
/000
010 010
000 010

e
\011
000

~

121
010

N

011 100 000 001
///011\\\ ///000\\\ ‘///110\\\ //7001\\\
011 111 100 001 000
010 ///011\\\ ‘///110\\\ ‘//1111 ///001

111 111 000 111 111 101 000
000 2010 2010 121 111 ~111 111
110/// \\\111/// \\\\001/// \\\\100/// \\\000
010\\\\ ///1110\\\\ ///1011\\\\ ///1111\\\\ '///100
110 001 000 100
110 000 011 100



Commutative ladder persistence

Escolar and H. Discrete Comput. Geom. (2016)

Study common and robust top. properties under pressurization of materials

..........

X
original

...........

1
0.8
i/ 0.6

compressed |’

commutative ladder persistence with length 3

I I 1




Commutative ladder persistence

Escolar and H. Discrete Comput. Geom. (2016)

Study common and robust top. properties under pressurization of materials

Shassnaane

X
original

95

0/”' 0.5 1 1.5 2 2.5 3

...........

45

O/r' 0.5 1 1.5 2 2.5 3

1
0.8
i/ 0.6

: / compressed | |’

commutative ladder persistence with length 3

I I 1

e persistence diagram of the pressurization process

99.18% (= 2304/2323) generators persist under pressurization!
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Stability of persistence diagrams

Motivation 7

e In practical applications, input data is
usually affected by noise

e Homology are NOT stable w.r.t. noise

e How about persistent homology?

gl

Stability Theorem (Cohen-Steiner, et al, ’07 )

For (tame) continuous functions f ¢: M — R,
dp (D, Dg) < ||f = gllec

* D¢ : PD of the sublevel set filtration for /

* dy(e,e): the bottleneck distance
db(DfaDg) ;= inf Sup P —7(P)oc

g

v pEDf

where D := DUA and 7v: Dy — D, is a bijection.

(diagonal)



Algebraic Stability theorem (Chazal et al ’09, Bauer and Lesnick "14)
¥~ category of fin. dim.

e persistence module )M functor M : R — vect  vectorspaces
(PM) def R__asa poset category
oy M= MY (s <t), oy =id
Fact: M ~ @ I[b, d] (interval decomposable) denote its PD by D),

e persistence modules M, N : R — vect are e-interleaving
Af : M — N(e), 49 : N — M (e) s.t.

def oo
MS M N Mt SO}S\,JS—FQG 5
;o lf » M+ . c_approximation of
- v \ 4 isomorphism
N e N e - measures proximity
Y s o of two modules
N* N > Nt NS YN N Ns—|—2e
/| ls
s+e t+e k‘ fore
M @f\j_e Tre s M Ms—l—e

e interleaving distance d;(M, N) := inf{e € [0,00): M, N are e—interleaving}
(applicable even to multi-parameter PM)

Algebraic stability theorem d,(Dys, Dy) < di(M, N)

remark: “=" holds (isometry theorem)



Stability of persistence diagrams

Bottleneck stability for Cech PDs
dn(D(C(X)), D(C(Y))) < du(X,Y)
Hausdorff distance: dy(X,Y) = max{maxd(z,Y ), maxd(X,y)}

reX yey

Remarks

e r-Wasserstein distance on PDs and its stability

1/r
dw, (D, D") = inf (Zp v(p T)

peD
geometry of a set of PDs as a metric space?

continuation of point clouds via PDs (Gameiro, Obayashi, H, ’16)

e Stability theorem using PWGK (Kusano, Fukumizu, H, ’16)
BKEADEEA (Kernel methods on PDs)

e PDs as counting measures on the plane
HHEZADEEAN (random point process)
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Computation

CHomP (Mischaikow, Mrozek, Pilarczyk, etc):
ARREAQY—DEE

Perseus (Nanda):

EEEQ:E_ZF-:HHEm \I\TQPD@ n-l-g

PHAT, DIPHA (Bauer, Kerber, Reininghaus, Wagner):
PDOEEETHE

Ripser (Bauer):
Rips PDDERETHE

({k4%) Cubical Ripser (FIR - AHF):
HWPDQHLH-I-E

HomCloud (KX#):
DEDAF1 K TEHEA



Y7 b0 x7HFE : HomCloud

7Y R (PD)

Plotting style

© normal
~ contour

Norm

) linear

° log

loglog

power exp: 1

max:

{107 | diffusing pairs

size:

1.6

X min:

X max: s—— 3.2
xrange == yrange

Y min: 0.0
Y max: s— 2.0

Bins: 256

0
10 Replot

Undo

1)RIEXZAIMRTHFEI STDAY 7 b7 (FARY—5— : AH—FEK)
2)SHEGUIDERICKL AR (MRAY—DFiRARIEFE)
3)=EEPDEEPHAT. DIPHAZ &S

4)EBmT—9 & LV 2D/3DEGRT — 7 R
5)PD#fERE. PD#istiEMr. PDRA/IN—R @ (LASSO% &)
http://www.wpi-aimr.tohoku.ac.jp/hiraoka_labo/index.html
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Materials TDA

Supported by AIMR, CREST, SIP, MI*2], NEDO

Nanotechnology (2015)

PNAS (2016)

Multiplicity

5Pa
o~
L

1 2 3 1
Birth[A?]

-

0 o
2 4 6 10

densified silica

Atomic Force

Microscopy
image

(by Nakajima)

26 A

6-membered ring ed ring

100

25 25 50

Grain Nature

Communications (2017)

0.071

0.065

0.06

0.055

0.05

Multip|

L 4
Death({cm)

Death

0.045

08
0.6 0.04
0.4

0.035
02

0.03

P RE ( 2 0 1 7) 003 0.04 - (t:)l.::;a 0.06 0.07




Hierarchical Structural Analysis of Silica Glass

with Nakamura, Hirata, Escolar, Matsue, Nishiura PNAS (2016) CREST TDA, SIP

MD and PD1 Inverse Analysis

« 3 2 3.
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3 v b g %a&a # 4 & [ 3
" K 2
B 'L;év <15 = 0 M
]
I A .- -0.5 0 0.5 1 ].5.) 2 25
1 . X =
Birth [A7]
0.4
0.5
02

m I ® Glass contains curves in PD
® Curves express geometric constraints

T, ff ﬁ L . (orders) of atomic configurations
ik Hja, nfﬁ:i;.‘: i ) "I ® Inverse analysis reveals hierarchical ring
| strutures
s:’ﬁ,ji;;::?fé}f,;fff%‘:;;giimf:, s | [ | ® PD multi-scale analysis characterizes
zg . inter-tetrahedral O-O orders (curve Co)
e ® universal tool for structural analysis




What is glass?

Not yet fully answered to “what is glass?”

Not liquid, not solid, but something in-between
Atomic configuration looks random, but
sufficient cohesion to maintain rigidity

Further geometric understandings of atomic

supercooled

configurations are required s3iity

Solar Energy Glass, DVD, BD, etc.

liquid

glass

/ystal

| temperaturé :

volume




ica (Si02)

Atowic configurations of s
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Y.H,, et al. PNAS (2016)

1 dim persistence diagrams of silica

2 Il 8
2.5 L6
7 1.4
2t
All PD computations today are 4 12
performed by CGAL, DIPHA Il Ly | ;8
(Thanks!) 1t o
05 r 104
r 140.2
95 o
o 3r 2
1.8
2.5 25
. 1.6
2 - P 1.4
3:3 2 2 1.2
; 15 = 15 F
A 8§ 10.8
1 il 10.6
r 104
0.5 0.5
_ erystal
0.5 — S50 05 s 2 25 3




Y.H,, et al. PNAS (2016)

Support dim and order parameter

0-dim support results from periodic
atomic locations of crystals

1-dim support (curves!) appears

2-dim support results from random
atomic locations of liquids

o_____m
m v s > @
Multiplicity

Remark: limiting PD in glass and its support may be related

to phase transition




Y.H,, et al. PNAS (2016)

Geometric origins of curves: inverse problem

what characterizes glass

2 structures?

what is the geometric origin
of the curves?

Multiplicity

- optimal cycle

3 Dey, et.al, 2011, Escolar and H, 2015
- continvation

Gaweiro, Obayashi, H. Physica [} 2015

hierarchical ring structure

Cp: primary rings generating the others —» Co: three oxygen rings

B

Cr: triangles on tetrahedra Bo: oxygen rings (> four)




Y.H,, et al. PNAS (2016)

Curves and constrains

0 0.5 1 1.5 2 2.5 3

/ admissible |

inad_mi_ssible i

* 0-0-0O ring constrains are
discovered

* necessary to study both distance
and angle distributions
simultaneously (conventional
methods cannot detect)




Densified silica glass in high pressure and temperature

with Kohara (NIMS), Hirata, Obayashi (AIMR)

MI*2I (Innovation Hub), CREST TDA

)

PP chomes sharp
0 5

10

Q (A
FSDP becomes Black: 7.7Gpa, RT

broad at 400 G Red: 7.7GPa, 400°C
Blue: 7.7GPa, 1200°C

® PP of O-O correlation becomes
sharp with increasing
temperature

e conventional methods could

not explain this behavior

mp what is the geometric origin?

inter-tetrahedral O-O
ordering in 7.7GPa, 1200°C

ordering of oxygen
in coesite

® PDs become sharper like PP, and show the
increase of packings of oxygens at high temp.

® Oxygen PDs ascribe for the first time O-O
ordering between different SiO4 tetrahedra to PP

e The geometric origin of PP ordering is coesite-

like rings




Metallic Glass: geometric origin of distorted icosahedra

with Hirata, Obayashi, Takeuchi (AIMR) CREST TDA

e deformation of icosa is

detected as a curve distorted icosahedron
with a quart-octahedron

R S iarh T i e (1 ¢ distorted icosa can be

G s s characterized by quart-oct

® the slower the cooling rate,
the less the distorted icosa
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Craze formation of polymers

with Ichinomiya, Obayashi PRE (2017) SIP, NEDO

Kremer-Grest model PD movie

uniaxial deformation

void coalescence during craze formation

o B

- gray voids are large voids observed after yielding
- colored voids are initial micro voids generating large voids

. Zaxis

craze position

10 15 20 25 30 35 x axis
Voronoi volume
(conventional)

L L L L
5 10 1 25

PD method

X axis

o detect large voids from PD movie as generators with large death values

o explore initial config. of large voids by reversing time with inverse PD method

o large voids are generated by coalescence of micro voids (void percolation)




Materials Informatics: Machine Learning on PDs

with Kimura (KEK), Obayashi (AIMR) SIP, CREST TDA

X-CT of iron-ore sinters background
g * large amount of experimental images
are available

* want to find a compact descriptor to
connect images to materials properties
(cracks, elasticity, conductivity etc)

original

develop a method of image analysis
using big data

our approach
* PD for compact descriptor of images

iron oxide calcit(l(r;nFl;e"ite * ML for combining with big data

Trigger site of micro
cracks are supposed to be ey
related to hetero-structure |, * =
of iron oxide and CF. No
descriptors have been

developed so far. e EANY ,
LASSO (Sparse PD) detected trigger site of cracks

Li capacity (w) - alpha:0.1 intercept:348 mse: 200 rel-mse:0.41
20 T T =

4 U inverse




Statistical inverse analysis on persistence diagram

with Obayashi (AIMR) arXiv:1706.10082 CREST TDA, SIP, NEDO, MI*2

Background
* PDs are good descriptors in materials science

® Want to extract statistical features in the dataset of PDs

® Vectorization of PDs are necessary for applying machine learnings
(persistence landscape, persistence image, PSSK, PWGK, etc)

* Want to study the original data space (inverse problems)

Dataset of inputs Dataset of PDs Machine learning

ﬂ - SVM
direct - PCA
- Regression
- Anomaly detection
- Time series
- etc

direct

inverse

7 ﬂ inverse

Study machine learning models based on persistence diagrams

Vectorization: persistence image
ML: Logistic regression, Linear regression (LASSO/RIDGE)
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