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V. A. Belinsky, I. M. Khalatnikov, and E. M. Lifshitz,
" Oscillatory approach to a singular point in the relativistic cosmology.”

Advances in Physics, 19(80), 525-573 (1970).
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nSome spatially homogeneous anisotropic 1
J. Math. Phys. 7, 4431 446 (1967).
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P11+ P2+ p3 = prf -+ pg + p% = 1. Kasner solution

E. Kasner, ” Geometrical Theorems on Einstein’s Cosmological Equations,” American Journal

of Mathematics, vol. 43, no. 4, pp. 217-221, 1921.
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Canonical theory of gravity
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Arnowitt, R., Deser, S., and Misner, C. W. (1960).
”Canonical variables for general relativity.”

Physical Review, 117(6), 1595.
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C. W. Misner, ”"Mixmaster Universe.” Phys. Rev. Lett., 22 (1969), 1071.
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M. P. Ryan, L. C. Shepley, Homogeneous Relativistic Cosmologies. Princeton Series

in Physics (Princeton University Press, Princeton, 1975)



g

FH o ZEATRT I vIL

\ 24e5* BIR

Kasner (pi1,p2, p3) — Kasner (p, ph, p)









p1 =pi(w), ps=pa(u), ps=psu)
— Pl Pz(’lﬂ — 1) PE :pl(’u - 1); Pfo, :293(“L — 1)-

u, u =y 1wy =ul =2 wY =l — k=2 <1
(s+1) 1
Uy =5 > 1



b |

F ]

Kasher 7242°

o A TW e N TN e )




Einstein ST\ Tacdub X 5 FH D M)A

(SEISERBI

T F AW 72 B E AR %7 F

R

V. A. Belinsky, I. M. Khalatnikov, and E. M. Lifshitz,
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" Oscillatory approach to a singular point in the relativistic cosmology.”

Advances in Physics, 19(80), 525-573 (1970).



EpOpEod

o THARMAMEZ DL BT,

EDXOIIEBHIENBED?

SR OOMIB, TR, -

o FHDOETAL

{E)

1T DAERL



BLHIHY B
L. Z. Fang and H. Sato,

“Is the periodicity in the distribution of quasar red shifts

an evidence of multiply connected universe?”,

Gen. Rel. Grav. 17, 1117-1120 (1985).

Kaiki Taro Inoue, ——— 51v 20 TQvey [27x 222009 10°Q
“Computation of eigenmodes on a compact hyperbolic space”,

Class.Quant.Grav. 16 (1999) 3071-3009.

Kaiki Taro Inoue, Kenji Tomita, Naoshi Sugiyama,

“Temperature correlations in a compact hyperbolic universe”,

Mon.Not.Roy.Astron.Soc. 314 (2000) L21.

Kaiki Taro Inoue,

“Geometric Gaussianity and nonGaussianity in the cosmic microwave background”,

Phys.Rev.D 62 (2000) 103001.
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William P. Thurston,

“Three-dimensional geometry and topology”, Levy, Silvio (ed.),
Princeton Mathematical Series, vol.35 (1997),

Tatsuhiko Koike, Masayuki Tanimoto, Akio Hosoya

“Compact homogeneous universes”,
J.Math.Phys. 35 (1994) 4855-4888

Masayuki Tanimoto Tatsuhiko Koike Akio Hosoya

“Hamiltonian structures for compact homogeneous universes”,

J.Math.Phys. 38 (1997) 6560-6577
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Thurston’s theorem

Any maximal, simply connected three-dimensional geometry which admits a

compact quotient is equivalent to the geometry (M, IsomM) where M is one of

E3, H?, S% S?*x R, H> xR, SL(2,R), Nil, and Sol.
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Tatsuhiko Koike, Masayuki Tanimoto, Akio Hosoya
GOG HOTo “Compact homogeneous universes”,
J.Math.Phys. 35 (1994) 4855-4888
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Masayuki Tanimoto Tatsuhiko Koike Akio Hosoya
“Hamiltonian structures for compact homogeneous universes”,

J.Math.Phys. 38 (1997) 6560-6577
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Jun-ichi Inoguchi, Marian Ioan Munteanu, and Ana Irina Nistor

“Magnetic curves in quasi-Sasakian 3-manifolds”

Analysis and Mathematical Physics, Volume 9, pages 43-61, (2019)






Contact manifold

M . (2n + 1) -dimensional manifold

Na =1 (dz'), : 1-form on M
Contact 1-form n, on M

|
n -times

[n/\dlnx\m/\dpgéo]

Reeb vector &£°

Uafa — 7'](45) — 1:' dnabga — dn(ga ) — bfd?? — ()



Contact metric manifold

Introduce a (1,1) tensor ¢ : (vector) — (vector) satifying

[¢52(X) = —X+£&E® T)(X)], for arbitrary X.

If g and ¢ satisty

[ 9(6(x),60)) = 9(X,Y) — n(X)(),] for arbitrary X,¥

g is called compatible metric.

Furthermore, if it holds that

[ 5(X.0(V) = dn(x.Y) | e e
U = g\A, Q)

(M, ¢, €, m, g) is called a contact metric manifold. g(&,6) =1,




Reebvector in 3 dim.

n A dn= 0 :>[gor0tg7é0]

(dn)aé" =0 = £V, =0]
Qabfaﬁb =1

The Reeb vector is twisted, and a geodesic tangent.



3 Sasaki

Contact metric manifold (M, ¢,&,n, g) is a Sasakian manifold if

D, 0](X,Y)+dn(X,Y)E =0 normal
6, 01(X,Y) := ¢*[X, Y]+ [¢(X), o(Y)] = $([6(X),Y]) = ¢([X, 6(Y)))

Nijenhuis tensor

3-dim. Sasaki Space is ?7 Einstein.
a,b _B ga,b AI_’)/ Na'lb, [ﬂ?ﬁ/ VCB&%IZBEL\]

3 Sasaki

Reebvector |unit Killing vector
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B, = V,u,

0 =B, =V,u", (Expansion) =— 0

1
O = B, — §9hw, (Shear) — 0

Wy = B, — B,,, (Rotation) # 0
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g = —dt* + (9> + h*(0, ¢) do*) + (dy — f(6, ¢)d)’

h(0.9) = duf(6,9) PN G0 AP



ds* = —dt* + ds3,,
ds3; = a® (d6* + h(0,¢)* dp?) + b*(dy + f(0, ¢) dp)?,
h(0,¢) := g f (0, 9).

o :=dt, o':=df, o*:=hdp, o°:=dp+ f(0,0) do,

do® = ot N o2, o3 Ndo? # 0,

contact form
Sy = 0, §(y) = Oy,
Reebvector  Killingvector



Riccl
ds* = —dt* + ds3y,

ds3; = a® (d6? + h(0, ¢)* dp?) + b*(dy + (0, ) do)?,

N : base space hB,d) = g f(6,d).
Ricci curvature

1 b2 ) :
R, = (iRN — 274) (olo} + o207 4+ 020}) [ n-Emstem]
b? 1 5 3
—|— (g — ERN> O'aO'b,
2 32h(0,
Ry = o9, 9) N  scalar curvature

@ h,p)



4-velocity

- d:z:“a . cdt C
v =% YT T 2 /2
T T 1—1v?/c
a b guydx“d:c” 2 Lorentz factor
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Counter flow  Reebvecto

a 1 a 14 a
4= o oD =t
1 1%
u? = ‘ a .
NS T

where v 1s a function on V.

[uivﬂui = 0. ]




Sy = O S

Counter flow  Reebvecto

a 1 a 4 a
U, = N g(t)@m S(y):
1 v
ul = ; 0>
T O e

where v is a function on NN.
a b
[uivﬂui = (). ]

Energy momentum tensor

1
T — Emn(u‘i’r X ui +u’ ® u}i) ?’l(ea ‘i))

V2

1 a b a b
= mn (—1 — 250 ®5 T T 25w ® 5@)) ’

: number density
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1
Rap = Ty — =T gap + Agap,

2
1 1 +v(8, ¢)

(0,0) 0= 5mn(e, b) (1 mpvr) ¢>)2) — A

o1 ]
(1,1) (2,2) By + §RN = Emn(ﬁ’, ®)+ A,

b1 1 4+ v(0, ¢)?
2
A= b— > 0

- 4q4



N Einstein

[RN(Q, ¢) =mn(0, ¢) + 6A.]

2 32h(0, ¢)
a hd,¢)

Ry



4 )

A h(B, @)+ a*w(d, p)h(d, ¢) = 0,

w(l, @) = %mn(@, @)+ 3A.

- J

dsiy = a® (d6® + h(6, ¢)* dé”) + b°(dy) + f(6,9) do)?,

(h(0,¢) =0,
h'(0,¢) = 1.
h(0,0) = h(6,27)

\_ J




Non-axisymmetric cases

(6, ¢)=—cosb + Bsin’ 6 cos ¢,
h(0,¢)=snb + 58 sin® 0 cos 6 cos ¢,

308 sin 46 cos ¢ )
1 +58sin* 6 cosfcosp/
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g = —dt? + a(df? + sin® §do?) + (d) — cos §dg)”
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e 77 455
7 LI Hopf fibration

g = —(dt + sinh 8dp)* + a(d6* + cosh 8d¢*) +dz"
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contact manifold

nAdnA---Adn #0
nfanrs

tedn = dn(§, -) =0,

ten =n(€) = 1.




compatible metric h

h(pX,9Y)=h(X,Y)—en(X)n(Y),
h(X,eY)=dn(X,Y),

h’(&:r ) = E7). h(€,€) = e.




e =20

h(§,-)=en. == h(¢, -)=0,

metric is degenerate,



3-dimensional metric on M s)

hig =ho +en@n

Euclidean fore =1
the metric hs) is ¢ Lorentzian for e = —1
| Null (degenerate) for € =0

Compatible metric

hi (X, @Y ) = h) (X, Y) —en(X) @ n(Y)
(¢, &,m, h(s)) is an almost contact structure
hs) (X,¢Y)=dn(X,Y)

(p,&,m, h(s)) is a contact structure



dn(§,+) =0, n(§) =1
his) (X, @Y) = hi)(X,Y) —en(X) @ n(Y)
h ) (X,¢Y)=dn(X,Y)

<

< AS
(&) =0 ﬁi\
his (X, X) =0 D R
hs(€,€) = ¢ — j

for e #0  hywé’ =1,

& is metric dual to 7.




Null case € =0.

the metric is degenerate along &:

h(€,:) = h@3)(&,)) =0
connection V cannot be uniquely determined.

Ric cannot be uniquely determined.



Lift up to 4 dimensions

g=hg +tb(NRdu+du®n)+cdu® du
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g =a’(u)[-2(dv + wfdy)du+ dz* + fdy’].
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g = a*(u)[—2(dv 4+ wfdy)du + dz* + 2 dy?.
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non-degenerate cases € = +1
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Ricci tensor
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€ is NOT metric dual to n.
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Einstein equation
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Decoupled equations

G ==k (Tcosmic strings T L null dust)
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