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Let Xbe a real Banach space
with norm |-| and D a subset of X.
Definition 1.1. A one-parameter family

{T(t)}ie[0,00) OF OPerators from D into itself
is called a semigroup (of operators) on D if
it satisfies the following conditions (51) and

(52).
(S1) For z € D and t,s > 0,

TAT(s)e =T+ s)x, T(O)x = =.

(S2) For x € D and t € [0, c0),

Iimt|T(t)ac —T(s)x| = 0.

S—>
It is called a semigroup of Lipschitz oper-
ators on D if, in addition to (51) and (52),
it satisfies the following condition (53).
(S3) For 7 > 0, there exists M, > 1 such that

T(t)x —T(t)y| < Mrlz — y|
for x, y € D and t € [0, 7].



Definition 1.2. Let {T'(¢) };c[0.o0) b€ a semi-
group of operators on D. The operator Ag

defined by D(Ap) = {x € D; limp|o YT (h)x—

x) exists} and Agzr = limy|q YT (h)z — )

Is called the infinitesimal generator of the
semigroup.



Theorem 1.1. Let {T(¢)}c[0.00) bE @ SEMI-
group on D. It is a semigroup of Lipschitz op-
erators on D if and only if there exist M > 1
and w € R such that

(1.1) T(t)z — T(t)y| < Me*'|z — y
fort € [0,00) and z,y € D.

Proof. Let |T(t)|L;, denote the least Lips-
chitz constant of T'(¢t) and

_ (100 1T @)Ly T@)l1ip # O
f“>‘{—oo, Tl =0

for t € [0,00). Then, we see that f(-) is
Locally bounded and subadditive on [0, o),
which implies the necessity. Q.E.D.
Remark 1.1. If, for some w € R,

T(t)x —T(t)y| < |z —y|, t €[0,00), z,y € D,

then the semigroup {T'(t)};c[0 o) is called to
be quasi-contractive with respect to the norm
| -] on D.



Theorem 1.2. Let {T(¢)}c0,00) e @ sSemi-
group on D. It is a semigroup of Lipschitz op-
erators on D if and only if there exist M > 1,
w € R and a metric d on D such that

(1.2) lz —y| < d(x,y) < Mz -y,
(1.3) dT)z, T(t)y) < e'd(z,y),
for x, ye D.

Proof. To see the newessity, ®«hoose M > 1
and w € R so that (1.1) holds, and then set

d(x,y) = sup {¢”“"|T()z — T(t)yl; t € [0,00)}

for x,y € D. Q.E.D.
Remark 1.2. There exists a nonnegative fune-
tional V(-,-) on X x X sueh that

(z,y), (z,9) € X X X,
V(z,y) =d(=z,y), (z,y) € D x D.
Remark 1.3. Let D denote the set of =z €
D sueh that ¢ — T'(¢t)z is loeally Lipsehitz

eontinuous on [0,00). For z € D, there exists
L(x) = limp0d(T'(h)x,z)/h and

t
/ e“? do
S

Furthermore, if z € D and t > 0, then T'(t)z €
D and L(T(t)x) < e“'L(x).

d(T(t)x, T(s)x) < L(x) , t,5 > 0.




Example 1.1. Let f be a continuous func-
tion R such that 1/M < f(r) <1 for r € R,
where M > 1 is a constant. Define T'(t)x =
w(t), where u(t) is the unique C! solution u
of the initial value problem

oru = f(u), u‘tzo =x € R,
which is given by
T dr
o f(r)
The semigroup {T'(t)}ic[0.00) ON R satisfies
(1.2), (1.3) with w = 0 and the metric d(-,-)
on R defined by d(x,y) = |g(x) — g(y)| for
x,y € R. But, for example, for f(r) = (1/M+
\/m)/\l, there is no number w € R such that
sign(z —y)(f(z) — f(y)) Swlz—y| for z,y € R
and |T(t)x — T(t)y| < etz —y| for =, y € R.
Indeed, f(r) = 1/M+\/m for |r| < \/1 —1/M

and sign(z—y) (f(2) — f()) = |y/z[ —/lyl| for
], [yl < /1 —1/M.

u(t) =gt (t+ g()), g(r) =




Consider the evolution equation

(1.4) ou = Au, t >0

in X. Assume that, for x € D(A), there exists
a norm |||z on X such that

€] < ll€lle < M|El, z € D(A), §€X

and (x,&) — ||€]|z is continuous on D(A) x X.
Assume also, for any z,y € D(A), there exists
a smooth curve c=¢(#), 0< 0 <1, in D(A)
such that ¢(0) = z and ¢(1) = y. Denote
by I'(xz,y) the set of such a curve ¢ = ¢(0),
0<60<1, and define

1
d(x,y) = inf {/o 1" ()l 0y d0; ¢ € l_(af,y)} :

Then, d(-,-) is a metric on D(A) such that
lx —y| < d(z,y) for x,y € D(A). It holds that
d(x,y) < M|x — y| for z,y € D(A) if D(A) is
convex.



Let ¢ € '(x,y) and u(t,0) the solution of
(1.4) such that «(0,0) = ¢(0), 0 < 6 < 1.
Assume u(t,0) is smooth and set £(¢,0) =
Opu(t,0). Differentiating the both sides of
(1.4) with respect to 6 yields

(1.5) o€ = (0A)(w)¢, t >0,
which is called the variation equation of (1.4).
Here, we assumed that there exists the deriva-

tive (0A)(u)¢ of A at u in the direction of &.
If, for every such a solution u(t,80),

(1.6) Ol|€llu < wl|€][u;
then

1€]lu < el
d(u(t,0),u(t, 1)) < e**d(z,y).
Setting ||¢||lu = N(u,&), we have
Otll€llu =0 N (u,§) = 0xN(u,&)0u + O N (u, §)0E
= 05N (u, &) Au + 9N (u, €) (DA) (w)é.
Therefore, if
Oz N(z,8) Az + O¢N(x,£)(0A)(2)€ < wN(z,§)

for x € D(A) and £ € X, then we can expect
that (1.6) holds.



Example 1.2. Assume f : R — R in Ex-
ample 1.1 is Cl. The variation equation of
Ou = f(u) is 06 = fl(vw)€, where € is the
variation du of u. Set |[£||lz = |€|/f(x). Then,

%Hh=@<m|>

f(u)
__sign(€) () £ (u) — [€] ' (w)Opu
f(u)?
_sign(€)f' (w)Ef (w) — [€lf/ () f(w) _
f(u)?
and
1
d(z,y) =inf { [ 1Oy a6 e < r<x,y>}
1 lx — vy 10 — Yy dr |

z f(r)

“Jo Fz+ 0(y —2))



Example 1.3. Let F € C1(R). Consider the
scalar conservation law owu + 9:F(u) = O,
—o00 < x < oo, t > 0. The variation equa-
tion for the variation & = du of u is

€ + 0z (F'(u)¢) =0
8 + (0 F' ()¢ + F'(u)dz€ = 0.
We have
O¢|€] =(0¢€) sign (&)
= — ((8uF"(u))€ + F'(u)8:€) sign(€)
= — ((0F' (W) €] + F' ()0 ¢
=—8; (F'(w)l]).
which implies

@)
at/ €| dz = 0.
— 0

We have also

d(u,v) = inf {/01 (/_0:0|c’(9)| da:) do: cc I_(u,v)}

@)
=/ lu — v| dx.
— 00



Example 1.4. Consider the wave equation
with a damping term:

(1.7) at?w = 0z (0(0zw)) — vOrw.

Here, v > 0 is a constant and o a smooth
increasing function such that

o(0) =0, o'(r) >85>0
and |||~ < 00, j =0,1,2,3.

Taking u = d,w and v = Jyw, We can rewrite

(1.7) as
(1.8)

T he variation equation for the variations £ =
du and n = Jdv of uw and wv, respectively, is
given by

Ot = Oxv
Orv = Ozo(u) — vo.

{ Ot = Ozm
O = 8z(c' (uw)€) —vn.
We have

o' (u)y|€|* + Oy|nl|?
=2 (0 (o' (w)én) — vln|?) < 20: (o' (u)én)

10



which implies
o [ (o' leP +Inf?) da

:KZG#WX@MWZ+HWWMF+@MRMM

<[ o"W@wEPde= [ o"(u) (@)l da

oo

0. @)
<05 Mo llollOzvll o [ o' (w)igl? da

— O

Therefore, if 50_1||0',,||Loo||ax?}||Loo < 2w, then

at”(ga 77)||(u7v) S W”(‘fa n)||(u,’u)’

where

1My = ([~ (Il + ) az)

/2

11



Hence,

atd((U, ’U), (/a’a ’8)) < Wd((ua ’U), (/a’a ’8))7

for the solutions (u,v) and (u,v) of (1.8) such
that

50 " llo” | ool Ozl oo < 2w,
50 0"l Losl1023]| oo < 2w,

Here

(1.9)
A((u,v), (@, 5))
1 /
= inf{ [ 1Oy

c(0) = (u,v), (1) = (ﬂ,’ﬁ)}

B </_o:o ((/uu Wdr)z Lo ?7)2> dw) /2

We see that
\/ 50 A 1||(U,’U> o (a36)||L2XL2 S d((u,v), (ﬂ,’ﬁ))

<\l e V 1|, ) = (@, B)|| 2, 2.

12



Let (u,v) be a solution of (1.8). Define
H(u,v) by

(1.10)
H(u,v) =/_OO (/Oua(r) dr—l—%vz> dx

— %/_o; (a’(u)(é?agu)2 + (vu + 3xv)2) dx

n % /_0:0 (o (u)(92u)2 + (VO + 920)2) da.
We see that

(1.11) 9pH (u,v) < (g(H(u,v)) = v)||0zul| 1.
Here, g is a continous, increasing and non-
negative function on [0, 0c0) such that ¢g(0) =
0. Choose rg > 0 such that g(rg) < v, and
define D C L?(R) x L?(R) by
D = {(u,v) € H*(R) x H*(R); H(u,v) < ro}.
From (1.11), it follows that the solution
(u(t,z),v(t,z)) of (1.8) satisfies
(’U,(t, ')7U(t7 )) € D7 L e [Oa OO))

if («(0,-),v(0,-)) € D. We can choose w such
that
55 ol 18xv] Lo < 85 0" || ellvll o < 20
for (u,v) € D.

13



Example 1.5. Consider the wave equation
of Kirchhoff type with a damping term:

Oru = Oxv
@) 2

v = 3 (/ |ul da:) Ozu — V.
— O

Here, v > 0 is a constant and 8 a smooth
increasing function such that

B(0) =0, f'(r)>d0>0

and [|8U)||;~ < 0o, j = 0,1,2. The variation
equation for the variations & = ou and n = ov
of v and v, respectively, is given by

{ O§ = Oz7m

om = B'(|ul|22)02€ — v + 28" (Jul|F2) (u, €) [ 20-u.

We have

d¢ (B'Ulull 721181172 + IInll32)
<28"([[ull 7)1 (s ) [ 15 1
x (14 2/60) (Blull7)I€N72 + Imll72)

14



Therefore, if (142/60) 8"l o< | )|l 1, 1 <
w, then

8t||(£7 77)||(u7v) S W||(£, n)||(u,’u)’
where

1Dy = (B UlllZDIENZ2 + [In]]72)

The metric
d((u,v), (u,0))

—inf {/Olnc’(e)uc(@) o c(0) = (u,v), (1) = (a,@)}
cannot be written as an explicit form. Set
(1.13)

V((u,v),(a,v))

= (8'(lull2)lu — @122 + lv — 3]|2

Then, we have

oV ((u,v), (2,0)) < wV((u,v), (4,?))
Voo ALl v) = (D)l g2y 2 < V((w,0), (@, 9))

< VI8l zoe v 11 (uv) = (@, 5)| 2, 121
for the solutions (u,v) and (u,v) of (1.8) such
that

(14 2/80) 18" || ool (ws )| g1y g1 < w
(1 4+ 2/60) 18" | oo 1 (T DI 1o g1 < w.

15
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Let (u,v) be a solution of of (1.12). Define
H(u,v) by

(1.14)
() — %(ﬁ(llulliz) + l[v]12

+ 3 (ul22) 10wulPa + lru + axvniz).

We see that
(1.15)
8uH (u,v) < (218"l 150//00) H (u, v) = vdo ) |0l 72

Choose rg > 0 such that (2||8"]|f«/v30)r0 <
vdo, and define D C L?(R) x L?(R) by
D = {(u,v) € H'(R) x H*(R); H(u,v) <rg}.
From (1.15), it follows that the solution (u(t,x), v(t,:
of (1.12) satisfies
(’U,(t, ')7U(t7 )) € Da L e [Oa OO))
if (u(0,-),v(0,-)) € D. We can choose w such
that
(1 +2/60)18" Il (us | g1y g1 S w
for (u,v) € D.
16



Let D be a closed subset of X. Let M > m >
0 and V(-,-) a nonnegative Lipschitz contin-
uous functional on X x X such that

(2.1)
V(z,y) = V()| <Mz —2'| + |y —y']),
for (z,y), (@',y") € X x X,
(2.2)
Remark 2.1. The functional V(-,-) is not as-

sumed to satisfy the triangle inequality. But,
it is a pseudo-metric on D in the sense that

N
V(zg,zn) < Mlzg —an| < M ) |zi—1 — 4
i=1
v N
SE Z V(xi—laxi)a for xg,xq,- - , TN € D.
i=1

Definition 2.1. Let {T'(¢) };c[0,00) be @ semi-
group on D. If, for some w € R,

V(T(®)z, T(t)y) < 'V (z,y), t € [0,00), z,y € D.

then the semigroup is called to be pseudo-
contractive with respect to V(-,-). The class
of such a semigroup is denoted by S(V(-,-), D,w).

17



Define DLV, DTV : (X x X) x (X x X) = R
by

- |ir;3lionf(V(a: + h&,y+ hn) —V(z,y))/h

DTV (z,y)(€,n)
= Iin}ﬁllsoup(V(w + h&,y + hn) —V(z,y))/h

for (z,y) € X x X and (£,n) € X x X.
Theorem 2.1. Let{T(t)}c10,00) €SV (), D,w)
and Ag the infinitisimal generator. Then

D+V(£E,y)(AO$,AOy) < wV(a;,y), T, Y C D(AO)a
t
V(T(Wa,y) = V(e,y) + [ DTV(T(r)2,1)(0, Agy) dr

< w/Ot V(T()z,y) dr

xeD, ye D(Ag), t € [0,00)

18



Let A C X X
X . Consider the initial value problem for the
differntial inclusion

(DI) oru(t) € Au(t), t > 0.
Definition 3.1.(1) A function u € C1([a,b] :
X) is called a classical solution of (DI) on
[a,b] if it satisfies (DI) for all t € [a,b]. A
function u : [a,b] — X which is abosolutely
continuous on [a,b] and differetiable a.e. on
(a,b) is called a strong solution of (DI) it
satisfies (DI) for a.a. t € [a,b].

(2) A function v € C1([0,00) : X) is called
a classical solution of (DI) on [0,00) if it
satisfies (DI) for all t € [0,00). A function
u: [0,00) — X is called a strong solution of
(DI) on [0, 00) if ul[q ] IS @ strong solution of
(DI) on [a,b] for any bounded [a,b] of [0, c0).

19



Theorem 3.1. Letwe Rand A: D — X a
continuous (single-valued) operator. Assume
A satifies (1) and (2) below.

(1) For any z,y € D,

DV (zx,y)(Az, Ay) < wV(z,y).

(2) For any € > 0 and =z € D, there exist \ €
(0,e) and x) € D such that

NN\ — ) — Az| < e.

Then, there exists {T(1) };c10.00) € S(V (), D,w)
such that A is the infinitesimal generator and,

forx € D, u(t) = T(t)x is the unique classical
solution of

oru(t) = Au(t), t >0, u(0) = =.

Remark 3.1. The conditions (1) and (2) are
necessary for A to be the infinitesimal genera-
tor of a semigroup {7'(¢) }1c(0.00) € S(V (1), D, w).

20



Example 3.1. Consider the wave equation
(1.8) with a damping term:

3tu — aggv
Orv = Orzo(u) — vo.

Let X = L2(R) x L?(R) be the Hilbert space
with norm ||(u,v)|x = (Ju]|2, + [[v]22)1/2.
Define a metric V((u,v), (u,v)) = d((u,v), (u,v))
on X by (1.9):

d((u,v), (,v))

y 1/2
— ((/u Vo' (r) d'r>2 + (v — a)2> .
and a functional H(-,-) by (1.14):
00 u 1
H(u,v) = /_OO (/O o(r)dr + 5?}2> dx
2 [ (@@ + (u+ 0,:0)?) da
2 [ (@ @202 + (w0u + 020)%) dx.

Let rg > O and define an operator A by

A(u,v) = (0zv, 0zo(u) — vv), (u,v) € D(A)
D = D(A)
= {(u,v) € H*(R) x H*(R); H(u,v) <70}

21



If ro > O is suficiently small, then the follow-
ing holds.

(1) D= D(A) is closed in X.

(2) A: D — X is HOlder continuous:

1ACu,v) — A(@,3) | x < Cll(u,v) — (@,3) ]2,

(u,v), (u,v) € D.

(3) For some w € R,

D4V ((u,v),(u,v)) (A(u,v), A(u, v))
< wV ((u,v),(u,v)), (u,v),(u,v) € D.

(4) For any (ug,vg) € D, there exists A\g > O
such that, for any X € (0,)g], there exists
(uy,vy) € D satisfying

A~ (uy — up) = Ozv)
A~y — vg) = 0" (ug)Bxuy — vv)

and

lim A7 ((ur02) = (o, v0)) — Aluo, v0) |, = 0.

22



(5) There exists a semigroup {T'(¢)};c[0.00) €
S(V(-,-),D,w) such that, for (ug,vg) € D,

(u(t,-),v(t,-)) = T(t)(ug,vg) is the unique
classical solution of

at(u(ta '),’U(t, )) — A(’U,(t, ')7 ’U(t, ))7 t € [07 OO)
(U(t, '),’U(t, '))|t:0 — (u07 vO)'



Definition 3.2. Let ¢ > 0. A function u :
[a,b] — X is called an s-approximate solu-
tion of (DI) on [a,b], if there exist a partition
a=1tg<t1 <---<ty=>bo0of [a,b] and a se-
quence (z;,&)€e A, i =1,2,---,N such that

( ) u(t):xm te(ti—lati]a 7:21727"'7]\[7

N
(c2) d oz —xim1 — (G —ti-1)&| <,
i=1
max t, —ti_1) <e¢g,
( ) i:1,2,---,N( 1 7 1) ~

where, g = u(a).

Definition 3.3.(1) A function u € C([a,b] :
X)) is called a mild solution of (DI) on [a,b],
iIf, for any € > 0, there exists an s-approximate
solution us of (DI) on [a,b(e)] such that

sup |u(t) —us(t)| <e, b<ble) <b+e.
tela,b]

(2) A function v € C([0,0) : X) is called a
mild solution of (DI) on [0, 00), if u |[a’b] is a
mild solution of (DI) on [a, b] for any bounded
[a,b] C [0, 00).

23



Theorem 3.2. Let w e R and A C X x X
such that D = D(A). Assume A satisfies (1)
and (2) below.

(1) For any (zo,y0) € D x D, there exists a
neighborhood W(C X x X) of (xzg,yg) Such
that

A0, 1] 0

(,9) €W, (2,€), (y,n) € A}) <o

lim sup(sup{(V(az,y) —V(x— X, y)) /A

(2) For any € > 0 and x € D, there exist \ €
(0,e) and (x),&)) € A such that

oy —z|<e, NH(zy—2) &<
Then, there exists {T'(1) };c[0.00) € S(V(+5+), D,w)

such that, for any x € D, u(-) = T(-)x is the
unique mild solution of

oru(t) € Au(t), t > 0, u(0) = =.

24



Remark 3.5. If V : X x X — [0, 00) is convex,
then the condition (1) is equivalent to the
next.

+wV(z,y), (x,8), (y,n) € A

Remark 3.6. If D = D(A) and A : D(A) —
X is continuous, then the condition (2) is
equivalent to (2) in Theorem 3.1.

Proof.

(1) If w and @ are mild solutions of (DI) on
[a, b], then

V(u@®),a(t)) < eIV (u(a),i(a)), tE€ [a,b].
(2) If, for any x € D, there exist 7 > 0 and
a mild solution of (DI) on [O, ;] satisfying
uw(0) = z, then, for any = € D, there exists

a mild solution of (DI) on [0,00) satisfying
uw(0) = =.

24-a



(3) Let [a,b] C [0,00) and, for any € > 0, let
us be an e - approximate solution of (DI) on
lae, be] such that [a, b] C [ae, be]. If lim, g us(a) =
r e D and

. lim t) — =0
G lm () - ue)] =0,
t, s€la,b]

then there exists a mild solution v of (DI) on
[a, b] such that

el0 \ tela,b]

lim ( sup |u(t) — ug(t)|) = 0.

(4) For any = € D, there exists 7, > 0 such
that, for any ¢ > 0, there exist - > 7 and
e - approximate solution ue of (DI) on [0, 7¢]
satisfying u:(0) = z and (3.1) with [a,b] =
[0, T2].

Q.E.D.



Example 3.2. Consider the wave equation
(1.12) of Kirchhoff type with a damping term:

atu — 3331)
v = (/ kA da:) Oxu — V.
— 00

Let X = L?(R) x L?2(R) be the Hilbert Space
with norm [[(u,v)|lx = (llull72 + [lolI72)/>.
Define a functional V(-,-) on X x X by (1.13):

V((u,v), (,0))

2 ~ 12 ~112
= (8'(lullZ)llu — a2 + [lv — 517
and a functional H(-,-) by (1.14):

)1/2

1
G 0) = 3 (801 22) + ol

+ B (ull2) 10sul25 + llvu + axvniz).

We see the functional V (-, ) satisfies the con-
ditions (2.1) and (2.2):

V(z,y) = V()| <Mz —2'|+ |y — ],
for (z,y),(z',y") € X x X,

25



Let ro > O and define an operator A by

(3.2)
A, v) = (820, B'(ull32) 0zt — vv), (u,v) € D(A)

D= D(A) =
(3.3)
{(u,v) c HY(R) x HY(R) : H(u,v) < ro}.

If ro > O is suficiently small, then the follow-
ing holds.
(1) D= D(A) is closed in X.

(2) For some w € R,

lim sup (sup{—wV((u, v), (4, v))
A0, )0

+ (V((ua U)a (’l’l\,, 6)) o V((u,v) o )\A(’U,, U)a (’l’l\,, 6))) />‘

(u.v). (4.7) € D(A)}) <o.

(3) For any (ug,vg) € D, there exists A\g >
0 such that, for any A € (0, \g], there exist



(uy,vy) € D satisfying

Uy — ug = A0zv)
vy —vo = A8 (Jlugl|$2)dzuy — Avuy
and
lim — =0
im |z, v) = (0, v0)l | x = O
: 1 L
im AT (s 02) = (u0,v0)) — Aup, )| = 0.
(4) There exists a semigroup {7'(t)}c(0,00) €
S(V(,),D,w) such that, for (ug,vg) € D,
(u(t,-),v(t,-)) = T()(ug,vg) is the unique
mild solution of

ot(u(t,-),v(t,-)) = A(u(t,-),v(t,-)), t € [0,00)
(3.4) (u(t,-),v(t,))|;=0 = (uo,vo)-

Remark 3.8. In fact, A is the infinitisimal gen-
erator of the semigroup {7'(¢) };¢c0 ) @nd, for
any (uop,vo) € D, (u(t,-),v(t,-)) =T(t)(uo,vo)
is the unique strong solution of (3.4).



et
{T(t)}te[o,oo)be a semigroup of Lipschitz op-
erators on D and, for h € (0, hg], C}, a Lips-
chitz operator on Dj into itself, where D C
Dh C X.
Theorem 4.1. Assume {Ch}pe(o n,) Satisfies
(S) and (C) below.

(S) For T > 0, there exists M, > 1 such that
|Chz — Cryl < Mr|z — y

for x, y € Dy, h € (O,hg] and n =1, 2, ...
such that nh € (O, 7].

(C) There exists a dense subset Dy of D such
that

71
i —\T(t+ h)x — C,T(t dt = 0O
ATSohH“L)“" pT(t)x|

for x € Do and T > 0.

T hen

: [t/h] —
lHm Sup T(t)x — C T =0
h|0O (tE[O,T] ( ) h |>

for x € D and T > 0, where [a] denotes the
greatest integer not greater than a.
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Lemma 4.1. Asuume {Ch}pec(op, Satisfies
(S). Let 7 > 0 and v € C([0,7] : X) such
that u([0,7]) C D. Then

u(t) — CMu(o)

My [T
<57 [u(s + h) — Cpuls)|ds + (1 + Mr)

X Sup{|u(s) —u(s)|; s, s€[0,7+ hgl, |s—35] < h}
for t € [0,7] and h € (0, hp].
Theorem 4.2. Let uwe C([0,7] : X) be Lip-
schitz continous and w([0,7]) C D. If s —
limp, 0| T'(h)u(s)—u(s)|/h is essentially bounded
on [0, 7] and

im inf %|u(3 Fh) — T(h)u(s)| = 0

for a.a. s € (0,7), then u(t) = T(t)u(0) for
all t € [0, 7].
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Theorem 4.3. {Ch}pe(o.p, Satisfies (S) if and
only if there exist M > 1, w > 0 and V}, :

Dy x D;, — [0,00), h € (0, hg], such that

Vi, (Chz, Chy) < "WV, (z,7)
z —y| < Vi(z,y) < Mz — y

for h € (0,hg] and x, y € Dy,.
Theorem 4.4. Let Ag be the infinitesimal

generator of {T'(t) }1c(0,00)- ASSume that there
exists a dense subset Dy of D such that u(t) =

T(t)x is the strong solution of

o(t) = Aogu(t), t>0; u(0)=u=z.
for any x € Dg. Then the next (C") implies

(©).

(C") For x € Dy and ™ > 0,

im ( /O "4 Tz — ATz dt) — 0,

where Apx = h=1(Cpx — x) for x € Dy,.

28



Example 4.1. Consider the initial value prob-
lem for (1.12):

atu — &C‘U
oo 2

O = ' (/ |ul da:) Oz — V.
—00

and the difference scheme of Friedrichs-Lax’s

type for the initial value problem:
1 1 _ _
- (wh@) = S e+ R - k)

= (v}':’_l(a: + k) — UZ’_I(:E — k)) ,

n=1 2, ..., —oco<zxz<xX

(1@~ S@p e R o - k)

h
/ o0 n 1 n— n—
=0'(| _lup@Rda) - (up @+ k) — @ = k)
— 2 (o @R o e - k),
n=1 2, ..., —oco<zxz<oo,
ug(a;) = ug(x), v;cl)(a;) = vg(x), —oo <z < 0o,

where h > 0 and k > O represent the differ-
encing in time and in space, respectively.
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Let Fg > 0, the ratio »r = h/k kept as a con-
stant as A | O, and r\/ﬁ’(EO/cSo) < 1. Let
X = L?(R) x L?(R) and define V(-,-) by
(1.13), Awith D = D(A) by (3.2) and (3.3),
as in Example 3.2. Set £ : X — [0,00) by

1 1
E(u,0) = 26 (lulZ2) + S llvll7
and, for h >0, Hy : X — [0,00) by
Hy,(u,v) = E(u,v)
1 1
+ 568 (Il F2) 5, (a4 B) = u(- = )7
H—( (- + k) —v(- — k)
2
+ 2+ k) +ul = k)| o
Let r, > O and define D;, by

Dy, Z{(u,v) e L°(R) x L?(R);

E(u,v) < Eg, Hp(u,v) < Th}-
and Ch Dh — X by

Ch(u,v) = (up,vy) (u,v) € Dy, h € (0, hg]
30



where
un(@) = (u(z + F) + ulz — )
o (o + ) — (@ — k)
on(x) = Z(0(@ + K) + vl — K))
e [ 2 h _
+ 8] [un@)? da) 5 (u(@ + k) = u(e - k)

=+ B+ o - k)
for h € (0, hg].



Let {T'({)}ec[0,.00) Pe the semigroup in Ex-
ample 3.2. If rg > 0, hg > O, and r;, > 0O,
h € (0, ho], are suitably chosen, then the fol-

lowing holds.

(1) For each h € (0,hg], D = D(A) C Dy, and
C';, maps Dy into itself.

(2) There exists w > 0 such that
V(Cp(u,0), C(@, ) < "™V ((u,0), (4, 7))
for (u,v), (u,v) € Dy and h € (0, hg].

(3) For (ug,vg) € D and 7 > 0,

_
2?3 A | ART(t) (ug,vo) — AgT(t)(uo,vo)|lx dt =0

where Ag is the infinitesimal generator of the
semigroup {7'(¢) };c[0,00) and

ApCu, 0) = 1 (Cp(,0) = (,0))
(u,v) € Dy, h € (0,hg].

(4)

. i/ _
lh'??) (tes[%f)T]||T(t)(uoavo) C (UOa”UO)”X) 0

for (upg,vg) € D and 7 > 0.
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