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Abstract

We discuss the problem of measuring financial risk and propose to use some dynamic
risk measures when the underlying assets prices follow the continuous diffusion pro-
cesses and the non-linear discrete time series. We shall develop a general procedure to
estimate the dynamic conditional tail expectation approximately by using the asymp-
totic expansion approach via the Malliavin-Watanabe Calculus. Then we discuss some

statistical problems of measuring dynamic risk from a set of discrete time series data.
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1 Introduction

In the past decade the statistical method of measuring financial risk has been developed
and extensively used in finance. It has been not only important in financial industries
and their regulations, but also interesting in academic point of view on the statistical
analysis of financial risk. Among several methods proposed including credit risk and
others, the method of VaR (Value at Risk) has been the most important one partly
because the BIS and central banks in many advanced countries have adopted the guid-
lines based on the VaR method for regulating the banking sector. See J.P. Morgan
(1996) and Jorion (2000) on the details of the standard statistical as well as practical
aspects of the VaR method in financial industries, for instance.

The main purpose of this study is to reconsider one important issue of measuring
financial risk in the dynamical portfolio managemants and the regulations on financial
risk control. The standard practice of measuing financial risk has been often static in
the sense that the risk measures proposed are those at a paticular given period. In
practice, however, the private financial corporations are conducting business in certain
horizon of investments including asset allocations, derivative tradings and portfolio
managements. Hence apparently there are some basic questions whether the well-
known practical methods in financial industries and regulatory authorities are valid in
the actual dynamic financial markets. We shall discuss some aspects of dynamic risk
measures which could be different from the static ones and propose a new procedure of
measuring dynamical financial risks in this respect. We are trying to propose some fi-
nancial risk measures and risk control method which can be consistent in the dynamical
point of view.

In the general case when the underlying asset prices follow a set of multidimensional
diffusion processes, however, it is quite difficult to estimate the dynamic financial risk
measures in the exact sense. It is partly because the distributions of the underlying
assets of portfolios and their sample paths are quite complicated and the volatility of
asset prices should not be treated as constants over time for practical point of view. In
addition to these aspects, the discount rates such as the spot interest rates for evaluating
the asset prices in the future dates should not be constant and their movements over
time should be treated at the same time. In order to handle this general situation,
we shall develop a procedure to estimate the dynamic risk measures approximately by
using the asymptotic expansion approach, which has been developed by Kunitomo and
Takahashi (1998, 2001), and Kunitomo and Kim (2001). We shall give some explicit
formulae which are useful for calculating dynamical financial risk. Our method is
based on the Malliavin-Watanabe Calculus, which is a powerful theory as the infinite

dimensional stochastic analysis, and Yoshida (1992) was a pioneering work in this field



of applications.

The second purpose of this study is to develop the statsitical risk management
method, which is called the SSAR (simultaneous swiching autoregressive) method. In
the statistical analysis of financial data, there have been some evidences that the non-
stationarity, time dependence, non-Gaussianity, and asymmetry of asset distributions
should not be ignored. We shall propose to handle these aspects at the samte time by
using a relatively simple non-linear time series model called the class of SSAR models.
The SSAR modeling has been developed by Kuniomo and Sato (2000, 2001) in the
statistical non-linear time series analysis. In addition to the theoretical developments,
we shall examine the conventional VaR methodology commonly used by conducting
a set of similations and compare it with the SSAR modeling by investigating real

examples.

2 Dynamic Risk Measures

We consider the general framework of measuring dynamic financial risks in financial

maekets. Let

(2.1) V(t) = fjm)sg
=1

be the non-negative value of a portfolio at time t consisting of n assets with the prices
S¢ (i = 1,---,n) and 7'(t) be the share of the i-th asset at t. We assume that the
investment horizon of portfolio is finite (0 < ¢t < T) and the i-th asset price S} follows

the stochastic differential equation
(2.2) dS! = Si[b, twdt—i—z (t,w)dB!] (i=1,--,n),

where b;(t,w) are the drift terms, {a;»(t, w)} are the volatility functions, and B! (j =

1,---,d) are the standard Brownian motions.

We assume that n > 1, d > 1 and the strategies 7i(t) (i = 1,---,n) satisfy the

self-financing condition
(2.3) dv(t) => ='(t)ds; .
=1

Then by using (2.2) this equation can be re-written as

(2.4) dV (t) = V(£)[b(t)dt + f: o;(t)dB



where

25) b0 = 3o B0l ()]
=1
and 5 g
2.6 ) = 310 = 1.+ ).
=1

We give two examples of our formulation. The first one is the simplest case, but it
highlights the problem of measuring dynamic financial risks. The second one is the

familiar formulation of the financial derivative pricing in the Black-Scholes theory.

Example 1: We take n =d =1 and V(t) = S; . The price of the asset S; follows the

geometric Brownian motion defined by
where b(t) and o(t) are some deterministic functions of time with ¢ € [0, 7] .

Example 2: We take n = d+ 1 and the first asset is the safe asset whose price process
follows
(2.8) ds} =r(t)Stdt ,

where r(t) is the instantaneous spot interest rate at time ¢. This case can be a special
case when we take by (t) = r(t), ajl»(t) =0(j=1,---,d), and

n
T (1)S =V (t) =Y 7' (t)S] .
i=2
This example is the extended Black-Scholes model which has been often used for pricing

financial derivatives.

Now we are trying to measure the dynamic financial risks when the underlying price
processes follow the continuous diffusions. We shall first extend the standard definition

of the Value-at-Risk (VaR) concept into the one in the dynamic framework.

Definition 1 : The dynamic Value at Risk with 100a% (DVaR,) is defined by
DVaR, =V(0) — A, such that

(2.9) 1—0¢—P<w\ 02?T%>1> ,

t
where the floor function is given by A(t) = Aaefo "(8)45 and r(s) is the discount rate at
t.



Here V/(0) is the initial value of portfolio and V' (0) — A, corresponds to the standard
VaR value in the static setting if we have used 1 —a = P(V(T) > A(T)) . We usually
use the spot interest rate in the finanicial markets as the discount rate.

It is important to notice that contrary to the standard VaR formulation we have the
situation such that there are some points of time V(t) < A(t) and

T
0

(2.10) V(T) > A(T) = Aael

rsds

at the same time. Then we need to use some risk measures to control the financial risks
in the dynamic setting. We define the dynamic TCE (tail conditional expectation)

value or the expected shortfall as follows.

Definition 2 : The dynamic TCE, with 100%« are defined by
T
(211)  DTCE, = Ble™h "O[AT) - V(T)IHAT) = V(T)})|Cr]

and
(212)  DTCE" = E[[V(0) — e~ Jo "8y (D) 1({A(T) > V(T)))|Cx]

where I( - ) is the indicator function and the set Cr in the conditional expectation
operator is defined by
(2.13) Cr = {w| min 140) >1}1°.

0<t<T A(t)
The DTCE measures are natural generalizations of the standard TCE measures dis-
cussed by Artzner et. al. (1999) and Jaschke (2001) extensively. From our definition

the DT CE,, can be rewritten as
1 - fT r(s)ds
DTCE, = A, — —FE[e Jo V(TI{AT) >V (T}HI|Cr] ,
o
and then we have the relation between two dynamic risk measures as
(2.14) DTCE}, = DTCE, + DVaR, .

We notice that if we take V(0) > A, and the underlying market is complete, then
DTCE, = 0 when we take the perfect hedging strategy in Example 2 as we have ex-
pected from the standard derivative pricing theory. However, if the underlying financial
market is incomplete and we can not use the perfect hedging strategy, then DT CE,,
should be positive for any 0 < a < 1.

Now we consider the simple situation of Example 1. We shall use the following Lemma,
which is the first part of Corollary 2.1 of Kunitomo and Tkeda (1992). For the sake
of completeness we shall state the modified version of Theorem 2.1 of Kunitomo and
Ikeda (1992) in the Appendix.



Lemma 1 : Let Sy be the continuous process satisfying (2.7) when b(t) =b,0(t) = o

and r(s) =r (b,o and r are real constants). Then

(2.15) P(é%%%%o>LSGUGICLMTL+mX>

= /I{QS(lny;lnSo + (b— %2)T, oVT)

A 20-r-02/2) A2 o2 1
(= - Iny:In=— + (b — —)T, oV/T)} =d
S0 ¢(ny7nso+( 2) o )}y Y,

where A(t) = Ae™ and ¢(z;c1,co) is the density function of the normal distribution
N(Cl, Cg) .

By using this Lemma, we can set A, such that

(216)  1-a = P(“‘oﬁ%%>

_ /loo {¢(z;1nso+(b—%2)T,a\/T)

n A(T)
A 20-r—c?/2) A2 2

() (s + (b— T, oVT)
So So 2

InSp—InAy+(b—1r— ‘72—2)T
~ 9| o )
ovT
Ay 20-r0%2)  —InSy+1In Ay + (b—1r—Z)T
_) -2 <I>[ ] ’
So oVT

where ®(-) is the distribution function of the standard normal random variable. Then

—(

we have the following result.

Theorem 1 : Let Sy be the continuous process satisfying (2.7) when b(t) = b,0(t) = o
and r(s) =r (b,o and r are real constants). Then the DTCE,, is given by
—(b—r+0?/2)
oVT

There has been an important concept of the coherent risk measures (CRM), which
was introduced and discussed by Artzner et. al. (1999) and Jaschke (2001). (See
Kusuoka (2000) for the related problem.)
Let p( - ) be a CRM satisfying Axioms of Artzner et. al. (1999) except Axiom T. In

(2.17) DICE, = A, — é Spelt-r7 g 2(Aa/S0) .

the dynamic setting we are interested in we need to modify Axiom T of CRM as
T r(s)d
(2.18) X (T) + celo 70%) = p(x(T)) ~

for any positive constant ¢, where X (7') is a functional of the underlying Brownian
motions in [0, T] and r(t) is the spot interest rate at t. When r(s) = r for all s, it is
obvious that DT CFE, we have introduced is one of CRM.



Except the special case of Example 1, it is difficult to obtain the explicit formulae
of DTCE when the underlying asset prices follow the multi-dimensional diffusions in
the general cases. Then in the next section we shall develop a method of estimating

DTCE approximately by using the asymptotic expansion approach.

3 Asymptotic Expansion Method for Risk Measures

We shall develop the asymptotic expansion method called the small disturbance asymp-
totics for estimating the dynamic risk measures in the general case. For this purpose
we introduce some notations in this section. Let SLS(S) = (S’Lfé)i) (i=1,---,n;0<t<T)
be the prices of the underlying securities at t with a parameter 0 < § < 1. We consider
the situation that this security pays no dividends and the price process follows the

stochastic differential equation :

. A t ' t 4
(3.19) S@i_ i 4 / SO®igs + / SIS o @iiap
0 0

b —

where (b((s) ) are the drift coefficients, and J,gé)ij are the instantaneous volatility

at t with the parameter 0 < § < 1 and By; = (Bft) are the set of d independent
Brownian motions. We assume that the non-negative stochastic process Jéé)” follows

the stochastic differential equation :

(3.20) Nij — gl +/ (1 , Uy O du—|—5/ 4ol u)dBY
where By = (B;%) are the set of n x d Brownian motions. For the interest rate

processes, we assume that there exists a locally riskless money market ! and the money
market account (accumulation factor) is given by M) (t) = exp( /3 rid ds) , where € is
a parameter with 0 < € < 1 . We assume that the non-negative (instantaneous) spot
interest rate process 'rff), which is consistent with the money market and the discount

bond markets, follows the stochastic differential equation :

(3.21) r()—ro—l—/ pir (749w, e)du—l—e/ w, (1), u)dBa, |
0

where Bs; is the standard Brownian motion. In (3.19)-(3.21) we consider the general

situation when three sets of Brownian motions are correlated and their instantaneous

! Implicitly we are considering the situation when there also exist bond markets in the economy
and let P9 (s,t) (0 < s < t < T) be the discount bond price at s with the maturity date ¢ . As the
simplest case we have the situation when all discount bond prices P9 (s,t) (0 <s <t < T) are solely
determined by the single factor {7{6) }. However, we can also formulate HIM term structure of interest
rates model in which the spot interest rate is not necessarily a Markovian process. See Kunitomo and
Takahashi (2001), and Section 5.2 of Kunitomo and Kim (2001) for the details.



correlations are given by
o Losdta
(3.22) B[ dB{* dBy™ | = | pit Loopl |t
P Ple 1
where we denote dBi’j k= (dB%,, dB%‘f;€ ,dB3;)" .

By using the above notations we write the portfolio value process V(‘S)(t) as

(3.23) V((S)(t) — Z Wée’é)i5§6)i
i=1

and tn

(3.24) VO () = v(0) +/ Zwée,a)idsgé)ids
0 =1

(€,0)

where 7, "is the quantity of asset S,gé)i

in the portfolio at t. We make the following

assumption for the resulting simplicity of our analysis.

Assumption I : The drift functions bffs)i (¢ =1,---,n) and relative share functions

for the assets i (= 1,---,n)
€,0)i ~(0)2
pledi _ sy
! VO(t)
are given by

(3.25) b = b+ 0p(0) , 0177 = 0L + 0p(e,0)

where b} and €% (i = 1,---,n) are the deterministic functions of time t.

We shall analyze the effects of the stochastic volatility and the stochastic interest
rates on the financial risk measures when both € and ¢ are small. In order to develop
the asymptotic expansion approach when both ¢ and € are small, we need to have some
regularity conditions for that the solutions of (3.19)-(3.21) are well-behaved and the

stochastic expansions of the stochastic processes {rff)} and {a,ﬁé)} can be allowed.

Assumption II : Let SLS(S), a,ﬁé) and rse) be the set of diffusion processes with re-
spect to the filtered probability space (€2, F, {Fi}¢cjo,7), P) which satisfy (3.19)-(3.21).
(7) The drift functions g, (r,ge), t,e€), f,j(a,gé), t,0) and the diffusion functions
wr(r,ge), t), wf,j(a,gé), t) are Fi-measurable, bounded, and Lipschitz continuous with re-

spect to their first arguments. Also there exist a finite Ky such that

T 1
(3.26) [ 10+ 510 < Ko
0



(74) The drift functions are continuously twice differentiable and their first and second
derivatives are bounded uniformly in € and § . The volatility functions are continuously
differentiable and their first derivatives are bounded uniformly in € and 6.

(7i1) For any 0 < ¢t <T and any ¢ (= 1,---,d) we have
t a.

(3.27) / SN 60 oiotids >0,
0 i =1J=1

where 0%/ are the solution of the ordinary differential equation

. . o
(3.28) ol = gl 4 /0 1 (05, 5,0)ds .
Assumption IIT : There exists a positive ¢ (0 < ¢ < 00) such that
.0
(3.29) lim —=c .
€,0—0 €

Under Assumption II we have the existence of the unique strong solution for {S’Lfe’é)},
{a,ﬁé)} and {r,ge)} satisfying the SDEs in (3.19)-(3.21) by using the standard results in
Section IV of Tkeda and Watanabe (1989). The conditions in Assumptions I-III are quite
strong and could be relaxed considerably. In any case, however, we need some conditions
to assure the boundedness of risk measures. For the purpose of practical applications
we need some approximation arguments to deal with the stochastic processes including
the well-known non-negative interest rates and volatility processes.

In the rest of this section, we shall investigate the asymptotic behavior of the fort-
folio value process in the situation when ¢ | 0 and § | 0 . We shall drive the explicit
form of V®)(t) and
(3.30) AO(t) = Agedo s
for any 0 <t < T in the small disturbance asymptotic approach. Let
(3.31) DIO(t) = 11— ri]

where r; = 'r,go) is the solution satisfying the ordinary differential equation

t
(3.32) e =Tp —I—/ wr(rs,8,0)ds .
0

By substituting 'r,ge) =1 + €D (t) into (3.32), we have

eDﬁe) (t) - At{[ﬂr(rs + eDﬁe)(S), S, 6) - MT(T& 3, 6)] + ['U’T(TS’ o 6) o MT(TS’ 8 0)] }ds

t
(3.33) e / wr(rs + €D (s), s)dBas .
0



Then by using Assumption II, we can find positive constants ¢; and ¢y such that for
any ¢

t t
(330 [DOW]< [ [lDO ()| + ealds +| [ wilry+ DO (s). 5)dBay]

0 0

Also by using the standard arguments in stochastic analysis, the martingale inequality,
and the Grownwall inequality, we can find positive constants cs and ¢4 such that

(3.35) E[D(1)]%] < ese™' , B[ sup |DIV(1)]] < 400
0<t<T

uniformly with respect to € . Hence we confirm the convergence in probability that
r,@ — 713 uniformly with respect tot ase | 0.
Let

(3.36) EO(W) = 51 — e~ eDy(1)],

where D, (t) = plim¢ g DY (t) . Then by substituting 'r,ge) =ri+eD,(t)+ €2E7(-€)(t) into
(3.21), we can use a similar argument recursively to lead that F [|E£€)(t)|2] is bounded
uniformly with respect to ¢ and € and we have the uniform convergence of Dﬁe) (t) to
D,(t) with respect to ¢ as € | 0 in probability. We need similar arguments on the
existence and convergence of random variables D, (¢), which we have omitted. By using
the above arguments under Assumption I, the stochastic expansion of the instantaneous

interest rate 'r,ge) can be expressed by

(3.37) r9 = r,+ e Do(t) + Ry

as € | 0, where the remainder term R; is in the order o,(€). Then by using (3.33) and
convergence arguments of its each terms, D,(t) can be regarded as the solution of the

stochastic differential equation :

(3.38) D,(t)= /Ot[aur(rs, $,0)Dy(s) + Oy (15, 5,0))ds + /Ot wy(rs, s)dBss

where we denote

(¢)

a T S )
(3.39) Opty (s, 5,0) = w ,
87’56 rge):rs,ezo
and ©
Opr(rs”, s,
(3.40) P pin(ra, 5,0) = DHr(rss: 9|
Oe e=0

In order to have a concise representation for D, (t), let Y, be the solution of dY;" =
Opr (14, t,0)Y/ dt with the initial condition Y = 1. Then (3.38) can be solved as

(3.41) /Yr Y Hw,(rs, s)dBss + 0 (1, 5,0)ds] .

10



Similarly, under Assumptions II and III we can expand the integral equation (3.20)

with respect to ¢ . By using the same argument as 'rff), the stochastic expansion of the

stochastic volatility J,gé)ij can be also expressed by

(3.42) o = g1 4§ Dii(t) + Ry

J are the solution of the ordinary differential

as 0 | 0 , where the leading term af
equation (3.23), the second term is given by D¥(t) = plimg)g D((,(S)ij(t) with D((,(S)(t)(:
[0,56) —0¢]/9), and the remainder term R» is of the order 0,(0). Let Y;(U)ij be the solution
of dY;(U)ij = Oui (04, t,0)Y Y dt with the initial condition YO(UW = 1. Then because
D (t) is the solution of the corresponding stochastic differential equation as (3.38) for

{a,ﬁé)}, we can express D% (t) as
(343) DY) = [ IV w0, 4B, + P (0, 5,0)ds).
0

where Ow (0, 5,0) and d°u¥ (04, 5,0) are defined in the same ways as (3.39) and (3.40).
VO (1)
A1)
as e | 0and ¢ | 0 in the next proposition. The proof is similar to Section 6 of Kunitomo

and Kim (2001).

Now we summarize the asymptotic behavior of the discounted portfolio process

Lemma 2 : (i) Under Assumptions I, II and III,

vOm v

3.44 - == 0 (a.s.
( ) OS?SI?ST A(e)(t) A(t)‘ — (a S )7
and J
V() _V(0) /t K iigmi o [P 1
4 = — 1 1] Bj / s _ = 2
(345) =, ol lezlea dBi, + | ;u ds — So(t)*}

as €| 0 and § | 0, where ps = S0, 0LbL — g, o(t)? = [3 Y Z?ZI Héeé/aéjaé/jds ,
and {rs} and {04} are the solutions of the ordinary differential equations (3.32) and
(3.28).

(ii) Let oprc[V O (t)] be the Malliavin covariance of the discounted portfolio value pro-
cess and V;((S) € D®(R) 2 . Then we have

(3.46) sup  |oare[VO(s)] - V2 / o2dul — 0 (a.5.)
0<s<t<T 0

asd | 0.

2 Let the H-differentiation be defined by DFy,(w) = lim.—o(1/¢)[F(w-+¢ch)—F(w)] for a Wiener func-
tional F'(w) and h € M, where M is the Cameron-Martin subspace of the squared integrable functions
in the Wiener space W. Then the Malliavin covariance is given by omc(F) =< DF(w),DF(w) >u,
where < - >p is the inner product of M space. We need some stronger conditions than Assumption I
for the class D*°(R) . See Theorem 3.1 of Kunitomo and Takahashi (1998) for the details.

11



Next we shall derive the asymptotic expansion of the discounted portfolio value
t (e
process e~ Jo s dsy9) (t)ase | 0and § | 0. If we set the leading term as

(3.47) X; = / Zez Za”dBls,
Jj=

we can write

t (o) ¢
(3.48) e Jors ds‘/;(é) =V(0) exp{ Xt —I—/ psds —
0

Lﬂ

2
t t n d
e [ Dis)ds 5| [ 33 DY) /ZZJUDU +R3},
0 0 i=1j=1 i=1j=1

and

T T
(3.49) exp l/ (e)dt] = exp{/ reds + € / D, (s)ds + R4} ,
0 0 0

where R3 and R4 are the remaining terms of higher orders. Then we can obtain a
stochastic expansion of the value process of the discounted portfolio at time ¢ with

respect to € and 0 which can be summarized in the next lemma.

Lemma 3 : Under Assumptions LIl and III, an asymptotic expansion of the price

€,0)

process of the security SLS

by

at any particular time point t as € — 0 and § — 0 is given

t
Xt+/ MSdS—
0

t (e)
e Jors By = v(0) exp{ 5

Lﬂ

() 9
Z:12 ( ) (o') Xlt Xlt 1
X 33 — _
i o(t)? 16 A (0] + 0% (1) o(t)r  o(t)2  o(t)?
X
(3.50) + 5/\(,(t)[a(t)2 —1] +R5} :
where we use the notations
( ) t t n d
=00 = (1) [ ([ ¥as) 00 w0 Y 3 bhopidu.
“ i=1j—1

M0 = ) [ ([ vas) 0070 s 00,
d
»P() = / (/ > ezegzlag‘;gamds) (Vi) (04, ) il

1171

A(t) = / ( / Z ZW ”Y(””ds) (Y.©)5) 198 13 (5, u, 0)du

=1J=1

and Rs is the remainder term of the order op (€, 6) .

12



Under Assumptions I and II we can find positive constant c¢5 and ¢g such that

(3.51) EVO @) < esest | Bl sup |[VO(1)[P] < +o0

0<t<T
uniformly with respect to § for any p > 2. Also it is straightforward to show that
Elexp(c7(8)]| X¢||?))] is bounded for sufficiently small ¢7(5) and E[exp{fOT Jéé)ide{s}]
are bounded for any § and j (j = 1,---,d) . (See Section IV of Ikeda and Watanabe
(1989).)

We consider the asymptotic expansion of the theoretical value of the dynamic con-
ditional tail expectation (DTCE). We have found that this problem is quite similar to
the valuation problem of European put options developed by Section 3.2 of Kunitomo
and Kim (2001). We write the second term of the value of DTCE as

(3.52) DTCE, = B |2 1(A(T)© > vVO(T))|Cr|

where .
Z(Te’é) = exp (—/ r,@ds) vO(T).

0
)

By substituting the relations of Lemma 3 into Z(T6 o , we can obtain the expression for

Z(Te’é) as
3.53 780 — 70 4 578 4 eZ¢ + Rg
T 1 1
where

2

(o) 2
Zy = Zyx lzm ) ( X1T2 — Xir — 1) + Ao (T) ( Sz 1>] ;

T 1
Zy = V(0)exp (XT+/ usds——JQ(T)> :
0

o(T)? \o(T) o(T)?

(r)
Yo (T
Zf = ZO X { 0_1(215)2)X1T + )‘T(T)} s

and Rg is the remainder term of the order o, (¢, ). Hence we have reduced our problem

into the evaluation of the expectations as

DTCE, = E[ZyI(A)(T) > VO(T))]+ E[Z1(A)N(T) > VO(T))]
+ E[ZI(A(T) > VOUT))] + E[RI(AN(T) > VO(T))]

where I( - ) is the indicator function. By the result of lengthy derivations as Section 6.3
of Kunitomo and Kim (2001), we finally have obtained the theoretical value of DTCE

as the next theorem.

13



Theorem 2 : Under Assumptions LIl and III, an asymptotic expansion of the theo-

retical value of the DTCE when the interest rate and volatility are stochastic, is given

DITCE, = Aa—@eﬁf”sds@(—dl)
T (r)
b TRk 2y 4 o) + 2o(n) - () + 0, (Do)
T (o)
b oLl v B - 1) - 2 o) +ofe.d)

as €, | 0, where ®(-) is the distribution function of the standard normal variable and
¢(+) is its density function, do = di — o(T) , and

(354) dy = ﬁ |}0g Vj;fg) + AT psds + %U(T)Q] ’

and Z(lg)(T), Z(lg)(T), M (T) and M\o(T') are defined in Lemma 3.

Let the first term be DT CEy and we set the coefficients of € and § to be DTCE,
and DTCE,, respectively. Then the DTCE value can be decomposed into the first

term and the adjustment terms as
(3.55) DTCE, = DTCEy+ ¢ DTCE, + 6 DTCE; + o(¢, 0)

where DTCEj stands for the DTCE value under the assumptions of constant inter-
est rate and volatility. The second term represents the adjustment value induced by
the deterministic interest rate which in itself relies on the assumed interest rate and
volatility model. The third term and the fourth term are the adjustment values in-
duced by the stochastic interest rate and the stochastic volatility, respectively. Hence
our results include the result reported in Section 2 as special cases in the sense of the
small disturbance asymptotics.

There are some further considerations needed in implementing our procedure in
this section. First, in the general case it is not an easy task to estimate the DVaR,,
value. One suggestion might be to calculate it by setting § = ¢ = 0 and call it as
the approximate DVaR value and then we can calculate the approximate DTCE value.
Second, if we relax Assumption I and allow more complicated strategies of (%) (1 =

1,--+,n), then Theorem 2 should be modified considerably.

4 The method of SSAR Risk Management

In this section we shall consider the method of measuring financial risk by using a class

of the simultaneous switching autoregressive (SSAR) models, which has been developed
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by Kunitomo and Sato (2000, 2001). Because we shall use the discrete time setting, we
denote g be the price of the i-th asset at time t.
Let

n
(4.56) V=) myi
i=1

be the non-negative value ot a portfolio at time t consisting of n assets with the price
yi (i = 1,---,n) and 7 be the share of the i-th asset at . We assume that the
investment horizon of portfolio is finite (0 <t < T') and the i-th asset price v} follows

a class of non-linear time series model

(4'57) Ayg = Gy (yz—lv e '7y1’fi—p7 'Uzv e 'vvz—r) (Z =1, 'vn)v

where Ay, = y;—y;—1, p and r are non-negative integers, G ( - ) are non-linear function
and {v}} are i.i.d. sequence of random variables with E[v{] = 0 and E[(v{)?] = 1.
We assume that

(i) {yi,t =0,+1,- -} satisfy the stochastic difference equation
(4.58) Ay; = Gui(ry + Z Ty + v/ hy)
j=1

where G:(-) is a continuous (but not necessarily differentiable) function, % (j =
0,1,---,p) are unknown parameters, and

(ii) A (> 1) are the volatility functions which are the F;_; —measurable functions and
Fi_1 is the o—field generated by the random variables {y%,vi;s <t —1,i=1,---,n}.
In our applications we shall use the ARCH model for {h{} which satisfies the stochastic

difference equation

r
(4.59) hy =14 alh;_ %,
j=1
where aé» (6. = 1,---,n;5 = 1,---,r) are unknown parameters with aé» > 0 and
5:1 Oé; <1.

In particular we further assume that

(iii) G,i(x) is a strictly increasing function satisfying

(4.60) fim G @ i S
T—00 T

and o

(4.61) im e g
T——00 €T

where o¢ is the vector of unknown transformation parameters including a;» (1 =1,2)
appeared in (4.60) and (4.61).
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In the above formulation (4.58) is slightly different from many nonlinear time series
models including the threshold autoregressive (TAR) models developed by Tong (1990).
We shall be mainly interested in the time series movements which can be quite different
in the upward phase (Ay! > 0) and the downward phase (Ay! < 0). Then (4.58) can
give a simple but rich way to represent the time series modelling with these two phases.
Because the transformation function Ggi(-) has some unknown parameters and the
random noise vf at t has not been realized at time ¢ — 1, the phase (the upward phase
or downward phase, for instance) at time t is not determined in advance at time ¢ — 1.
Also we shall be mainly interested in the case when the transformation function G.:(-)
in (4.58) is not differentiable. See Kunitomo and Sato (2000, 2001) for the details of
the SSAR models.

It is possible to deal with the more general case on the volatility function such as the
Generalized ARCH models and the stochastic volatility models. See Bollerslev (1986),
Hamilton (1994), and Harvey and Shephard (1996), for instance. However, then the
estimation procedures become more complicated than the methods in Section 3.2, and
the estimated results sometimes become unstable in our limited experiences and we

shall not pursue these possibilities further.

In the discrete time setting we also restrict the portfolio strategies which are self-
financing in the financial literatures. Hence we impose the condition that

n

(4.62) Z[WZ—I — 7yl =0Vt e [1, 7).
i=1

Then we have the representation of the portfolio at time T as

T
(4.63) Vi = Vo+ > AV,
s=1

T n
= Vb + Z ZT(;—IAy; )
s=1i=1
where Ay are determined by the stochastic difference equation (3.18).
Hence we can define the DVaR,, and DTCE, in the discrete time setting as in Section
2. We define the dynamic VaR value as follows.

Definition 3 : The dynamic Value at Risk with 100%a (DVaR,) are defined by
DVaR, = Vy — A, such that

W
(4.64) 1—0¢—P<w\021§nTm>1>

t—1

where A(t) = AanFO "
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Here Vj is the initial value of portfolio and V{y — A, corresponds to the standard VaR
value in the static setting. We also define the dynamic TCE (tail conditional expecta-

tion) value or the expected shortfall as follows.

Definition 4 : The dynamic TCE, with 100%« are defined by

(4.65) DTCE, = Ele” Yo [A(T) — Vr]I(A(T) > V(T))|CT]
and
(4.66) DTCE} =E[Vh—e~ Yo VrI(A(T) > V(T))|CT]

where the set C'r in the conditional expectation operator is defined by

. ‘/t c
Cr = {oglgrszt > 1}°.

5 Appendix

Mathematically there was an incorrect statement in Theorem 2.1 of Kunitomo and
Ikeda (1992), from which our Lemma 1 can be derived. Although it does lead to the
main results unchanged as in Kunitomo and Ikeda (1992), we give its corrected version
because it has been often referred in the derivative pricing literatures and the financial

industries.

Theorem 3 : Let S; follow the geometric Brownian motion given by
(567) dSt = MStdt + UStth 5

where Wy stands for the one-dimensional standard Brownian motion, p is the drift
parameter, o is the volatility parameter, and the initial condition S(0) = So . (We
assume that i and o are constant.) Set an interval I C [As(t), A1(t)] with Ai(t) = Be’'t
and As(t) = Ae®? and define the probability

i 5@ S(t)
(5.68) Pr= (021%% ) >1, JBax, A0 <1 and S(T) € I> )

Then we have
+oo dy
(5.69) Py :/( > kaly)—,
I k=—o00 Yy

where

n 2n J2
BI0) aly) = ()™ () o) (o ) + (= )T oVT)

An-l—l A2n+2 0.2
_ C3n . _
() o) n( ) + (= T, oV
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where

[t — 2 — n(d1 — 02)]

Cln — 2 02 —1
Con = an
g
ey, = olt— 0 +n2(51—52)] 1
g

and ¢(y; c1, c2) is the density function of the normal distribution N(c1,ca) .

We note that in the original proof of Theorem 2.1 of Kunitomo and Ikeda (1992)
there were some ambiguous statements on the use of stopping times 71 and 75. For
instance, the notation by P (T,y) = P(11 < 12 < T|Y(T) = y) should be read as
P (T,y) = P(1 < 1,71 < T|Y(T) = y) . Once these ambiguous statements are
modified properly, it is straightforward to derive the main results, which remain the

same as they were stated.
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