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Abstract. It is important to detect the structural change in the
trend of time series model. This paper addresses the problem of es-
timating change point in the trend of time series regression models
with circular ARMA residuals. First we show the asymptotics of
the likelihood ratio between contiguous hypotheses. Next we con-
struct the maximum likelihood estimator (MLE) and Bayes estima-
tor (BE) for unknown parameters including change point. Then it
is shown that the proposed BE is asymptotically efficient, and that
MLE is not so generally.
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1. Introduction

The change point problem for serially correlated data has been extensively studied in the
literature. References on various time series models with change-point can be found in
the book of Csörgő and Horvath (1997) and the review paper of Kokoszka and Leipus
(2000).

Focusing on a change point in the mean of linear process, Bai (1994) derived the lim-
iting distribution of a consistent change-point estimator by least squares method. Later
Kokoszka and Leipus (1998) studied the consistency of CUSUM type estimators of mean
shift for dependent observations. Their results include long-memory processes. For a
spectral parameter change in Gaussian stationary process, Picard (1985) developed the
problem of testing and estimation. Giraitis and Leipus (1990,1992) generalized Picard’s
results to the case when the process concerned is possibly non-Gaussian.

For a structural change in regression model, a number of authors studied the test-
ing and estimation of change point. It is important to detect the structural change in
economic time series because parameter instability is common in this field. For testing
structural changes in regression models with long-memory errors, Hidalgo and Robinson
(1996) explored a testing procedure with nonstochastic and stochastic regressors. Asymp-
totic properties of change-point estimator in linear regression models were obtained by
Bai(1998), where the error process may include dependent and heteroskedastic observa-
tions.

Despite the large body of literature on estimating unknown change-point in time series
models, the asymptotic efficiency has been rarely discussed. For the case of independent
and identically distributed observations, Ritov (1990) obtained an asymptotically effi-
cient estimator of change point in distribution by a Bayesian approach. Also the asymp-
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totic efficiency of Bayes estimator for change-point was studied by Kutoyants (1994) for
diffusion-type process. Dabye and Kutoyants (2001) showed consistency for change-point
in a Poisson process when the model was misspecified.

The present paper develops the asymptotic theory of estimating unknown parameters
in time series regression models with circular ARMA residuals. The model and the as-
sumptions imposed are explained in Section 2. Also Section 2 discusses the fundamental
asymptotics for the likelihood ratio process between contiguous hypotheses. Section 3
provides the asymptotics of the maximum likelihood estimator (MLE) and Bayes estima-
tor (BE) for unknown parameters including change-point. Then it is shown that the BE is
asymptotically efficient, and that the MLE is not so generally. Some numerical examples
are given in Section 4. All the proofs are collected in Section 5.

Throughout this paper we use the following notations. A’ denotes the transpose of a
vector or matrix A and χ(·) is the indicator function.

2. Asymptotics of likelihood ratio and some lemmas

Consider the following linear regression model

yt = {α′χ(t/n ≤ τ) + β′χ(t/n > τ)}zt + ut,

= rt(α,β, τ) + ut, (say), t = 1, . . . , n (2.1)

where zt = (zt1, . . . , ztq)
′ are observable regressors, α = (α1, . . . , αq)

′ and β = (β1, . . . , βq)
′

are unknown parameter vectors, and {ut} is a Gaussian circular ARMA process with spec-
tral density f(λ) and E(ut) = 0. Here τ is an unknown change-point satisfying 0 < τ < 1
and (α′,β′, τ) ∈ Θ ⊂ R

q × R
q × R.

Letting

anjk(h) =




n−h∑
t=1

zt+h,jztk, h = 0, 1, . . .

n∑
t=1−h

zt+h,jztk, h = 0,−1, . . . ,

we will make the following assumptions on the regressors {zt}, which are a sort of Grenan-
der’s conditions.

Assumption 2.1.

(G.1) anii(0) = O(n), i = 1, . . . , q, and

l+ρ∑
t=l

z2
ti = O(ρ) for any (1 ≤ l ≤ n).

(G.2) limn→∞ z2
n+1,i/a

n
ii(0) = 0, i = 1, . . . , q.

(G.3) The limit

lim
n→∞

anij(h)

n
= ρij(h)
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exists for every i, j = 1, . . . , q and h = 0,±1, . . . .

Let R(h) = {ρij(h); i, j = 1, . . . , q}.
(G.4) R(0) is nonsingular.

From (G.3) there exists a Hermitian matrix function M(λ) = {Mij(λ); i, j =
1, . . . , q} with positive semidefinite increments such that

R(h) =

∫ π

−π
eihλdM (λ). (2.2)

Suppose that the stretch of series from model (1) yn = (y1, · · · , yn)′ is available.
Denote the covariance matrix of un = (u1, · · · , un)′ by Σn, and let tn = (r1, · · · , rn)′ with
rt = rt(α,β, τ). Then the likelihood function based on yn is given by

Ln(α,β, τ) =
1

(2π)n/2|Σn|1/2 exp
[
−1
2
(yn − tn)

′Σ−1
n (yn − tn)

]
. (2.3)

Since we assume that {ut} is a circular ARMA process, it is seen that Σn has the following
representation

Σn = U ∗
ndiag{2πf(λ1), · · · , 2πf(λn)}Un

where Un = {n−1/2 exp(2πits/n); t, s = 1, . . . , n} and λk = 2πk/n (see Anderson (1977)).
Write

Fn(λk) =
1√
2πn

n∑
t=1

(yt − rt)e
−itλk .

Then the likelihood function (2.3) is rewritten as

Ln(α,β, τ) =
1

(2π)n{∏n
k=1 f(λk)}1/2

exp

[
−1
2

n∑
k=1

f(λk)
−1|Fn(λk)|2

]
. (2.4)

Define the local sequence for the parameters:

αn = α+ n−1/2a, βn = β + n−1/2b, τn = τ + n−1ρ (2.5)

where a, b ∈ R
q and ρ ∈ R. Under the local sequence (2.5) the likelihood ratio process is

represented as

Zn(a, b, ρ) =
Ln(αn,βn, τn)

Ln(α,β, τ)

= exp

[
− 1

2
√
n

n∑
k=1

f(λk)
−1/2

{
dn(λk)A(λk) + dn(λk) A(λk)

}

− 1

2n

n∑
k=1

|A(λk)|2
]

(2.6)
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where dn(λk) = (2πn)
−1/2

∑n
t=1 ute

itλk and A(λk) = A1 + A2 + A3 with

A1 = (2πf(λk))
−1/2

[τn+ρ]∑
s=[τn]+1

(β − α)′zse−isλk ,

A2 = −(2πnf(λk))−1/2

[τn+ρ]∑
s=1

a′zse−isλk

and

A3 = −(2πnf(λk))−1/2
n∑

s=[τn+ρ]+1

b′zse−isλk .

Here note that dn(λk), k = 1, 2, . . . are i.i.d. complex normal random variables with
mean 0 and variance f(λk) (c.f. Anderson (1977)). Henceforth we write the spectral
representation of ut by

ut =

∫ π

−π
eitλdZu(λ). (2.7)

The asymptotic distribution of Zn(a, b, ρ) is given as follows.

Theorem 1. Suppose that Assumption 2.1 holds. Then for all (α′,β′, τ) ∈ Θ, the
log-likelihood ratio has the asymptotic representation

logZn(a, b, ρ)

= (β − α)′W1 +
√
τa′W2 +

√
1− τb′W3

− 1

8π2

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
s=[τn]+1

(β − α)′zs+jz′
s(β − α)

− 1

4π
(
√
τa+

√
(1− τ)b)′

∫ π

−π
f(λ)−1dM (λ)(

√
τa+

√
(1− τ)b) + op(1)

= logZ(a, b, ρ) + op(1), (say),

where

W1 = − 1

2π

∫ π

−π

[τn+ρ]∑
s=[τn]+1

zse
isλf(λ)−1dZu(λ),

W2 =
1

2π
√
nτ

∫ π

−π

[τn+ρ]∑
s=1

zse
isλ(1 + einλ)f(λ)−1dZu(λ)

and

W3 =
1

2π
√

n(1− τ)

∫ π

−π

n∑
s=[τn+ρ]+1

zse
isλ(1 + e−inλ)f(λ)−1dZu(λ).
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Here W1,W2 and W3 are asymptotically normal with mean 0 and covariance matrix V1, V2

and V3, respectively, where

V1 =
1

4π2

∫ π

−π

∣∣∣∣∣∣
[τn+ρ]∑
s=[τn]+1

zse
isλ

∣∣∣∣∣∣
2

f(λ)−1dλ,

V2 = V3 =
1

2π

∫ π

−π
2f(λ)−1dM (λ).

Next we present some fundamental lemmas which are useful in the estimation of
change point.

Lemma 1. Suppose that Assumption 2.1 holds. Then for any compact set C ⊂ Θ, we
have

sup
α,β,τ∈C

Eα,β,τZ
1/2
n (a, b, ρ) ≤ exp{−g(a, b, ρ)}

where

g(a, b, ρ) = (a′, b′)K
(

a
b

)
+ c|ρ|

with some positive definite matrix K and c > 0.

Lemma 2. Suppose that Assumption 2.1 holds. Then for any compact set C ⊂ Θ, there
exist κ(C ) = κ,B(C ) = B such that

sup
(α,β,τ)∈C |ai|<H,|bi|<H,ρj<H

[‖a1 − a2‖2 + ‖b1 − b2‖2 + |ρ1 − ρ2|2]−1

× Eα,β,τ
[
Z1/4
n (a2, b2, ρ2)− Z1/4

n (a1, b1, ρ1)
]4 ≤ B(1 +Hκ).

3. Estimation theory

We are interested in the behavior of maximum likelihood estimator (MLE) and Bayes
estimator (BE). To introduce there estimators, we need a loss function w(y), y ∈ R

d

which is

1. nonnegative, continuous at point 0 and w(0) = 0, but is not identically 0;

2. symmetric: w(y) = w(−y);

3. the sets {y : w(y) < c} are convex for all c > 0.
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We denote by W p the class of loss functions satisfying 1-3 with polynomial majorants.
The example of such function is w(y) = |y|p, p > 0.

The MLE θ̂
′
ML = (α̂

′
ML, β̂

′
ML, τ̂ML) of θ′ = (α′,β′, τ) is defined by

L(α̂ML, β̂ML, τ̂ML) = max
(α,β,τ)∈Θ

L(α, β, τ) (3.1)

The Bayes estimator θ̃
′
B = (α̃

′
B, β̃

′
B, ρ̃B) with respect to the quadratic loss function l(x) =

‖x‖2 and a prior density π(·) is of the form

θ̃B =

∫
Θ

θp(θ|Yn)dθ (3.2)

where

p(θ|Yn) = π(θ)Ln(θ)∫
Θ π(v)Ln(v)dv

.

We suppose that the prior density is a bounded, positive and continuous function pos-
sessing a polynomial majorant on Θ. For Z(u),u = (a′, b′, ρ)′, in Theorem 1, define two

random vectors û′ = (â′, b̂
′
, ρ̂) and ũ′ = (ã′, b̃

′
, ρ̃) by relations

Z(û) = sup
u∈R2q+1

Z(u), (3.3)

ũ =

∫
R2q+1 uZ(u)du∫
R2q+1 Z(v)dv

. (3.4)

Theorem 2. Let the parameter set Θ be an open subset of R
2q+1. Then the MLE is

uniformly on (α,β, τ) ∈ Θ, consistent

P − lim
n→∞

θ̂ML = θ

and converges in distribution

Lθ(diag{
√
n, · · · ,√n, n})(θ̂ML − θ)}−→

d
L (û).

For any continuous loss function w ∈ W p, we have

lim
n→∞

Eθw((diag{
√
n, · · · ,√n, n})(θ̂ML − θ)) = Ew(û).

A similar theorem for Bayes estimators can be stated as follows.

Theorem 3. The Bayes estimator θ̃B, uniformly on θ ∈ Θ, is consistent

Pθ − lim
n→∞

θ̃B = θ
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and converges in distribution

Lθ(diag{
√
n, · · · ,√n, n})(θ̃B − θ)}−→

d
L (ũ).

For any continuous loss function w ∈ W p, we have

lim
n→∞

Eθw((diag{
√
n, · · · ,√n, n})(θ̃B − θ)) = Ew(ũ).

Remark. From Theorem 3 and Theorem 1.9.1 of Ibragimov and Has’minski(1981), we
can see that the BE is asymptotically efficient such that

E‖û‖2 ≥ E‖ũ‖2.

4. Numerical examples.
5. Real data analysis.

6. Proofs.

Proof of Theorem 1. From (2.6), we have

logZn(α,β, τ)

= − 1

2
√
n

n∑
k=1

f(λk)
−1/2

{
dn(λk)A(λk) + dn(λk) A(λk)

}
− 1

2n

n∑
k=1

|A(λk)|2 (6.1)

First we evaluate the first term in (6.1). From (2.6) we have

− 1

2
√
n

n∑
k=1

f(λk)
−1/2

{
dn(λk)A(λk) + dn(λk) A(λk)

}

= − 1

2
√
n

n∑
k=1

f(λk)
−1/2

×
{
dn(λk)A1 + dn(λk)A2 + dn(λk)A3 + dn(λk)A1 + dn(λk)A2 + dn(λk)A3

}
= E1 + E2 + E3 + E4 + E5 + E6 (say).

Write the spectral densiy f(λ) in the form

f(λ) =
1

2π

∞∑
j=−∞

Rf(λ)e
−ijλ
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where Rf (j)’s satisfy
∑∞
j=−∞ |j|m|Rf(j)| < ∞ for any given m ∈ N. Then, from Theorem

3.8.3 of Brillinger (1975) we may write

f(λ)−1 =
1

2π

∞∑
j=−∞

Γ(j)e−ijλ

where Γ(j)’s satisfy for any given m ∈ N

∞∑
j=−∞

|j|m|Γ(j)| < ∞.

Then E1 can be written as

E1 = − 1

2
√
n

n∑
k=1

f(λk)
−1/2dn(λk)A1

= − 1

4nπ

n∑
k=1

f(λk)
−1

n∑
t=1

[τn+ρ]∑
s=[τn]+1

(β − α)′zsutei(t−s)λk

= − 1

4nπ

n∑
k=1

1

2π

∞∑
j=−∞

Γ(j)e−ijλk

n∑
t=1

[τn+ρ]∑
s=[τn]+1

(β − α)′zsutei(t−s)λk

= − 1

4nπ

1

2π

n∑
k=1

∞∑
j=−∞

Γ(j)
n∑
t=1

[τn+ρ]∑
s=[τn]+1

(β − α)′zsutei(t−s−j)λk

It is well known that

n∑
k=1

ei(t−s−j)λk =

{
n if t− s− j = 0 (mod n)
0 otherwise.

(6.2)

Since −[τn + ρ] ≤ t − s ≤ [(1 − τ)n] and Γ(j) satisfies
∑
j |j|k|Γ(j)| < ∞ for any given

m, we have

∑
|j|≥n

|Γ(j)| ≤ 1

nm

∑
|j|≥n

(j)m|Γ(j)| = o(n−m).

Hence we have only to evaluate E1 for l = 0 of t− s− j = ln. Thus E1 is

E1 = − 1

4π

1

2π

∞∑
j=−∞

Γ(j)
n∑
t=1

[τn+ρ]∑
s=[τn]+1

(β − α)′zsut
1

n

n∑
k=1

ei(t−s−j)λk

� − 1

8π2

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
s=[τn]+1

(β − α)′zs{us+j} ≡ Ẽ1 (say).
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Then

Ẽ1 = − 1

8π2

∞∑
j=−∞

Γ(j)(β − α)′
[τn+ρ]∑
s=[τn]+1

zs

∫ π

−π
eijλeisλdZu(λ)

= − 1

4π
(β − α)′

∫ π

−π

[τn+ρ]∑
s=[τn]+1

zse
isλf(λ)−1dZu(λ)

=
1

2
(β − α)′W1 (say), (6.3)

where Zu(λ) is the spectral measure of ut defined by (2.7). Let
∑[τn+ρ]
s=[τn]+1 zse

isλ =

A(λ; h, ρ). we obeserve

E(W1W
∗
1 ) −→

1

4π2

∫ π

−π
A(λ; h, ρ)A∗(λ; h, ρ)f(λ)−1dλ as n → ∞.

Recalling that {ut} is Gaussian, we have

W1
D−−→ N

(
0,

1

4π2

∫ π

−π
A(λ; h, ρ)A∗(λ; h, ρ)f(λ)−1dλ)

)
(6.4)

Similarly we obtain

E4 ∼ 1

2
(β − α)′W1. (6.5)

Next we calculate the second term E2 that is

E2 = − 1

2
√
n

n∑
k=1

f(λk)
−1/2dn(λk)A2

=
1

4nπ

n∑
k=1

f(λk)
−1 1√

n

n∑
t=1

[τn+ρ]∑
s=1

uta
′zsei(t−s)λk

=
1

4nπ

1

2π

n∑
k=1

∞∑
j=−∞

Γ(j)e−ijλk
1√
n

n∑
t=1

[τn+ρ]∑
s=1

a′utzsei(t−s)λk

=
1

4π

1

2π

∞∑
j=−∞

Γ(j)
1√
n

n∑
t=1

[τn+ρ]∑
s=1

a′utzs
1

n

n∑
k=1

eiλk(t−s−j).

Here note that n − 1 ≥ t − s ≥ −[τn]. Because of (6.2) we have only to evaluate E2 for
l = 0, 1 of t− s− j = ln. Then

E2 � 1

4π

1

2π

∞∑
j=−∞

Γ(j)
a′
√
n

[τn+ρ]∑
s=1

(us+j + us+j+n)zs = Ẽ2 (say).
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Similarly as in Ẽ1,

Ẽ2 =
1

4π

1

2π

∞∑
j=−∞

Γ(j)
a′
√
n

[τn+ρ]∑
s=1

∫ π

−π
eisλeijλ(1 + einλ)dZu(λ)zs

=
1

4π

a′
√
n

[τn+ρ]∑
s=1

∫ π

−π
eisλ

(
1

2π

∞∑
j=−∞

Γ(j)eisλ

)
(1 + einλ)dZu(λ)zs

=
a′

4π
√
n

[τn+ρ]∑
s=1

zs

∫ π

−π
eisλ(1 + einλ)f(λ)−1dZu(λ)

=
a′

4π

∫ π

−π


 1√

n

[τn+ρ]∑
s=1

zse
isλ


 (1 + einλ)f(λ)−1dZu(λ)

=

√
τa′

2

∫ π

−π


 1

2π
√
nτ

[τn+ρ]∑
s=1

zse
isλ


 (1 + einλ)f(λ)−1dZu(λ)

=

√
τa′

2
W2 (say), (6.6)

where

W2
D−−→ N

(
0,
1

2π

∫ π

−π
2f(λ)−1dM(λ)

)
, (6.7)

which follows from the Riemann-Lebesgue theorem and Grenander’s conditions (G.1) -
(G.4). Similarly we obtain.

E5 �
√
τa′

2
W2. (6.8)

Next

E3 = − 1

2
√
n

n∑
k=1

f(λk)
−1/2dn(λk)A3

=
1

4nπ

n∑
k=1

f(λk)
−1 1√

n

n∑
t=1

n∑
s=[τn+ρ]+1

utb
′zsei(t−s)λk

=
1

4nπ

n∑
k=1

1

2π

∞∑
j=−∞

Γ(j)e−ijλk
1√
n

n∑
t=1

n∑
s=[τn+ρ]+1

b′utzsei(t−s)λk

=
1

4π

1

2π

∞∑
j=−∞

Γ(j)
1√
n

n∑
t=1

n∑
s=[τn+ρ]+1

b′utzs
1

n

n∑
k=1

eiλk(t−s−j).
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Since [(1−τ)n] ≥ t−s ≥ 1−n, we have only to evaluate E3 for l = 0,−1 of t−s−j = ln.
Hence

E3 � 1

4π

1

2π

∞∑
j=−∞

Γ(j)
b′
√
n

n∑
s=[τn+ρ]+1

(us+j + us+j−n)zs = Ẽ3

Similarly as in Ẽ2 we have

Ẽ3 =
1

4π

1

2π

∞∑
j=−∞

Γ(j)
b′
√
n

n∑
s=[τn+ρ]+1

∫ π

−π
eisλeijλ(1 + e−inλ)dZu(λ)zs

=
1

4π

b′
√
n

n∑
s=[τn+ρ]+1

∫ π

−π
eisλ

(
1

2π

∞∑
j=−∞

Γ(j)eisλ

)
(1 + e−inλ)dZu(λ)zs

=
b′

4π
√
n

n∑
s=[τn+ρ]+1

zs

∫ π

−π
eisλ(1 + e−inλ)f(λ)−1dZu(λ)

=
b′

4π

∫ π

−π


 1√

n

n∑
s=[τn+ρ]+1

zse
isλ


 (1 + e−inλ)f(λ)−1dZu(λ)

=

√
1− τb′

2

∫ π

−π


 1

2π
√

n(1− τ)

n∑
s=[τn+ρ]+1

zse
isλ


 (1 + e−inλ)f(λ)−1dZu(λ)

=

√
1− τb′

2
W3, (6.9)

where

W3
D−−→ N

(
0,
1

2π

∫ π

−π
2f(λ)−1dM(λ)

)
(6.10)

Similarly we obtain.

E6 =

√
1− τb′

2
W3 (6.11)

Hence from (6.3), (6.5), (6.6), (6.8), (6.9) and (6.11), we have

− 1

2
√
n

n∑
k=1

f(λk)
−1/2

{
dn(λk)A(λk) + dn(λk) A(λk)

}
� (β − α)′W1 +

√
τa′W2 +

√
1− τb′W3. (6.12)
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Next we evaluate the second term in (6.1), which is

− 1

2n

n∑
k=1

|A(λk)|2

= − 1

2n

n∑
k=1

(A1 + A2 + A3)(A1 + A2 + A3)

= − 1

2n

n∑
k=1

(|A1|2 + |A2|2 + |A3|2 + A1A2 + A1A3 + A2A3 ++A2A1 + A3A1 + A3A2).

We have

− 1

2n

n∑
k=1

|A1|2

= − 1

4nπ

n∑
k=1

1

f(λk)


 [τn+ρ]∑
t=[τn]+1

(β − α)′zteitλk





 [τn+ρ]∑
s=[τn]+1

(β − α)′zse−isλk




= − 1

4nπ

n∑
k=1

1

2π

∞∑
j=−∞

Γ(j)e−ijλk

[τn+ρ]∑
t=[τn]+1

[τn+ρ]∑
s=[τn]+1

(β − α)′ztz′
s(β − α)ei(t−s)λk

= − 1

4π

1

2π

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
t=[τn]+1

[τn+ρ]∑
s=[τn]+1

(β − α)′ztz′
s(β − α)

1

n

n∑
k=1

ei(t−s−j)λk

= − 1

4π

1

2π

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
s=[τn]+1

(β − α)′zs+jz′
s(β − α). (6.13)

Next we have

− 1

2n

n∑
k=1

|A2|2

= − 1

4nπ

n∑
k=1

1

2π

∞∑
j=−∞

Γ(j)e−ijλ


− 1√

n

[τn+ρ]∑
t=1

a′zteitλk





− 1√

n

[τn+ρ]∑
s=1

a′zse−isλk




= − 1

4nπ

1

2π

∞∑
j=−∞

Γ(j)a′
[τn+ρ]∑
t=1

[τn+ρ]∑
s=1

ztz
′
sa

{
1

n

n∑
k=1

ei(t−s−j)λk

}
.
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Note that [τn] ≥ t− s ≥ −[τn]. Similarly we have

− 1

2n

n∑
k=1

|A2|2

� − 1

4nπ

1

2π

∞∑
j=−∞

Γ(j)a′
[τn+ρ]∑
s=1

zs+jz
′
sa = − τ

4π

1

2π

∞∑
j=−∞

Γ(j)a′ 1
nτ

[τn+ρ]∑
s=1

zs+jz
′
sa

= − τ

4π

1

2π

∞∑
j=−∞

Γ(j)a′
∫ π

−π
eijλdM (λ)a = − τ

4π
a′

∫ π

−π

1

2π

∞∑
j=−∞

Γ(j)eijλdM (λ)a

= − τ

4π
a′

∫ π

−π
f(λ)−1dM (λ)a (6.14)

Also we obtain

− 1

2n

n∑
k=1

|A3|2

= − 1

4nπ

n∑
k=1

1

f(λk)


− 1√

n

n∑
t=[τn+ρ]+1

b′zteitλk





− 1√

n

n∑
s=[τn+ρ]+1

b′zse−isλk




= − 1

4nπ

1

2π

∞∑
j=−∞

Γ(j)a′
n∑

t=[τn+ρ]+1

n∑
s=[τn+ρ]+1

ztz
′
sa

{
1

n

n∑
k=1

ei(t−s−j)λk

}

� − 1

4nπ

1

2π

∞∑
j=−∞

Γ(j)b′
n∑

s=[τn+ρ]+1

zs+jz
′
sb

= −1− τ

4π

1

2π

∞∑
j=−∞

Γ(j)b′ 1

n(1− τ)

n∑
s=[τn+ρ]+1

zs+jz
′
sb

= −1− τ

4π

1

2π

∞∑
j=−∞

Γ(j)b′
∫ π

−π
eijλdM (λ)b

= −1− τ

4π
b′

∫ π

−π

1

2π

∞∑
j=−∞

Γ(j)eijλdM (λ)b

= −1− τ

4π
b′

∫ π

−π
f(λ)−1dM (λ)b. (6.15)
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The fourth term becomes

− 1

2n

n∑
k=1

A1A2

= − 1

4nπ

n∑
k=1

1

2π

∞∑
j=−∞

Γ(j)e−ijλk


 [τn+ρ]∑
t=[τn]+1

(β − α)′zteitλ





− 1√

n

[τn+ρ]∑
s=1

a′zse−isλk




=
1

4π

1

2π

1√
n

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
t=h+1

[τn+ρ]∑
s=1

(β − α)′ztz′
sa
1

n

n∑
k=1

ei(t−s−j)λk

From 1− ρ ≤ t− s ≤ [τn] + ρ− 1, t− s− j = 0, it is seen that

− 1

2n

n∑
k=1

A1A2 � 1

4π

1

2π

1√
n

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
t=[τn]+1

(β − α)′ztz′
t−ja = O

(
1√
n

)
(6.16)

Similarly we observe

1

2n

n∑
k=1

A1A3 � O(n−1/2),
1

2n

n∑
k=1

A2A1 � O(n−1/2)

and
1

2n

n∑
k=1

A3A1 � O(n−1/2). (6.17)

Now we evaluate

− 1

2n

n∑
k=1

A2A3

= − 1

4nπ

n∑
k=1

1

2π

∞∑
j=−∞

Γ(j)e−ijλk


− 1√

n

[τn+ρ]∑
t=1

a′zteitλ





− 1√

n

n∑
s=[τn+ρ]+1

b′zse−isλk




= − 1

4π

1

2π

1

n

∞∑
j=−∞

Γ(j)

[τn+ρ]∑
t=1

n∑
s=[τn+ρ]+1

a′ztz′
sb
1

n

n∑
k=1

ei(t−s−j)λk .

Since −n+ 1 ≤ t− s ≤ −1, we have only to evaluate for t− s− j = 0,−n.

− 1

2n

n∑
k=1

A2A3

� − 1

4π

1

2π

√
τ(1− τ)

∞∑
j=−∞

Γ(j)
1√
τn

[τn+ρ]∑
t=1

1√
(1− τ)n

n∑
s=[τn+ρ]+1

a′ztz′
sb
1

n

n∑
k=1

ei(t−s−j)λk

� −
√

τ(1− τ)

4π · 2π
∞∑

j=−∞
Γ(j)a′

∫ π

−π
eijλdM (λ)b

= −
√

τ(1− τ)

4π
a′

∫ π

−π
f(λ)−1dM(λ)b. (6.18)

14



Similarly we have

− 1

2n

n∑
k=1

A3A2 � −
√

τ(1− τ)

4π
a′

∫ π

−π
f(λ)−1dM(λ)b. (6.19)

From the equations from (6.13) to (6.19) together with (6.4), (6.7), (6.10) and (6.12)
complete the proof of theorem 1.

Proof of Lemma 1. From Hannan (1970) and Anderson (1977) the joint density of
dn(λ1), · · · , dn(λn) is given by

p(dn(λ1), · · · , dn(λn)) = Cn

k∏
k=1

exp(−dn(λk)f(λk)
−1dn(λk)) (6.20)

where Cn = π−n∏n
k=1 f(λk)

−1. Using this,

EZ1/2
n (a, b, ρ)

= E exp

[
− 1

4
√
n

n∑
k=1

f(λk)
−1/2

{
dn(λk)A(λk) + dn(λk) A(λk)

}]
exp

[
− 1

4n

n∑
k=1

|A(λk)|2
]

=

∫
· · ·

∫
Cn exp

(
−

n∑
k=1

dn(λk)f(λk)
−1dn(λk)

)

× exp
(
− 1

4
√
n

n∑
k=1

f(λk)
−1/2

{
dn(λk)A(λk) + dn(λk) A(λk)

})

× exp
(
− 1

4n

n∑
k=1

|A(λk)|2
)

d(dn(λ1) · · · dn(λn))

=

∫
· · ·

∫
Cn exp

[
−

n∑
k=1

(
f(λk)

−1/2dn(λk) +
A(λk)

4
√
n

)(
f(λk)−1/2dn(λk) +

A(λk)

4
√
n

)]

× exp
[
1

16n

n∑
k=1

|A(λk)|2 − 1

4n

n∑
k=1

|A(λk)|2
]

d(dn(λ1) · · · dn(λn)

= exp

(
− 3

16n

n∑
k=1

|A(λk)|2
)

.

Recall that the definition of likelihood process in (2.6), we have

exp

(
− 3

16n

n∑
k=1

|A(λk)|2
)
= exp

(
− 3

16n

n∑
k=1

|A1 + A2 + A3|2
)

(6.21)

From the proof of Theorem 1 and Assumption (G.1), the first term in (6.21) is bounded
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by

− 1

16n

n∑
k=1

(
A1A1

) � − 3

16

1

8π2

[τn+ρ]∑
t=[τn]+1

[τn+ρ]∑
s=[τn]+1

(β − α)′ztΓ(t− s)zs(β − α)

≤ − 3

16

1

8π2

[τn+ρ]∑
t=[τn]+1

{(β − α)′zt}2 ×min
λ

f(λ)−1

= − [O(ρ)] (6.22)

for ρ > 0. We have already shown in (6.16) and (6.17) that

1

16n

n∑
k=1

{
A1(A2 + A3)

}
= O(n−1/2) and

1

16n

n∑
k=1

{
A1(A2 + A3)

}
= O(n−1/2). (6.23)

Furthermore, from the proof of Theorem 1 we can find a positive definite matrix K so
that

3

16n

n∑
k=1

(A2 + A3)(A2 + A3) � (a′, b′)K
(

a
b

)
(6.24)

Hence (6.22)-(6.24) implies the required result.

Proof of Lemma 2. Let θ′
1 = (α′

1,β
′
1, τ1)

′ and θ′
2 = (α′

2,β
′
2τ2)

′ are some given values
in Θ, and are the forms of α1 = α+n−1/2a1,β1 = β+n−1/2b1, τ1 = τ +n−1ρ1,α2 = α+
n−1/2a2,β2 = β+n−1/2b1 and τ2 = τ+n−1ρ2. Denoting A(λk) under θi as A(ai, bi, ρi;λk)
we set

∆1n = A(a1, b1, ρ1;λk)− A(a2, b2, ρ2;λk)

∆2n = |A(a1, b1, ρ1;λk)|2 − |A(a2, b2, ρ2;λk)|2

and

Yn = exp

[
− 1

8
√
n

n∑
k=1

f(λk)
−1/2{dn(λk)∆1n + dn(λk) ∆1n} − 1

8n

n∑
k=1

∆2n

]
.

The process Yn is written as

Yn =

(
Ln(α2,β2, τ2)

Ln(α1,β1, τ1)

)1/4

. (6.25)

Then we observe

Eα,β,τ
∣∣Z1/4
n (a1, b1, ρ1)− Z1/4

n (a2, b2, ρ2)
∣∣1/4

= Eα1,β1,τ1 (1− Yn)
4

= E
(
1− 4Yn + 6Y 2

n − 4Y 3
n + Y 4

n

)
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We have

−4EYn = −4E exp
(
− 1

8
√
n

n∑
k=1

f(λk)
−1/2{dn(λk)∆1n + dn(λk) ∆1n} − 1

8n

n∑
k=1

∆2n

)

= −4
∫

· · ·
∫

C1 exp

[
−

n∑
k=1

{
dn(λk)

f
1/2
k

+
∆1n

8
√
n

}{
dn(λk)

f
1/2
k

+
∆1n

8
√
n

}]

× exp
[
1

64n

n∑
k=1

∆1n∆1n − 1

8n

n∑
k=1

∆2n

]
d(dn(λ1) · · · dn(λn))

= −4 exp
[
1

64n

n∑
k=1

∆1n∆1n − 1

8n

n∑
k=1

∆2n

]
= −4 exp(η + γ) say

Similarly, we obtain

6EY 2
n = 6 exp(4η + 2γ), − 4EY 3

n = −4 exp(9η + 3γ)
and

EY 4
n = exp(16η + 4γ).

Hence

E[1− Yn]
4 = 1− 4eη+γ + 6e4η+2γ − 4e9η+3γ + e16η+4η . (6.26)

Using the following expansion for small y

ey � 1 + y

we have

E[1− Yn]
4 = 1− 4(1 + η + γ) + 6(1 + 4η + 2γ)− 4(1 + 9η + 3γ) + (1 + 16η + 4γ)

+O(η2) +O(γ2) +O(ηγ)

= 0 +O(η2) +O(γ2) +O(ηγ)

which implies that the Taylor expansion of (6.26) starts with the linear combinations of
second order terms of η2, γ2 and ηγ. Here we need to evaluate the asymptotics of η and
γ in (6.26). Assume that without loss of generality ρ1 ≥ ρ2, then

∆1n =
1√
2π

f(λk)
−1/2

[τn+ρ1]∑
s=[τn+ρ2]+1

(β − α)′zse−isλk

− 1√
2πn

f(λk)
−1/2


[τn+ρ1]∑

s=1

(a1 − a2)
′zse−isλk +

n∑
s=[τn+ρ1]+1

(b1 − a2)
′zse−isλk


 .
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Using the similar argument in proof of Lemma 1, we observe

η = O [(ρ1 − ρ2)] +O

[
((a1 − a2)

′, (b1 − b2)
′)K

(
a1 − a2

b1 − b2

)]
,

which is written as

η = O[(ρ2 − ρ1)] +O(‖a1 − a2‖) +O(‖b1 − b2‖).
Analogously we have

γ = O[(ρ2 − ρ1)] +O(‖a1 − a2‖) +O(‖b1 − b2‖),
which completes the proof.

Proof of Theorem 2. The proof follows from Theorem 1, Lemmas 1 and 2 of this paper
and Theorem 1.10.1 of Ibragimov and Has’minski (1981).

Proof of Theorem 3. The properties of the likelihood ratio Zn(a, b, ρ) established
in Theorem 1, Lemmas 1 and 2 allow us to refer to Theorem 1.10.2 of Ibragimov and
Has’minski (1981).
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