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Abstract

This paper introduces an estimation method of the eigenvalues and
eigenvectors from the sample covariance function that involves estimated
parameters. We prove that the estimated eigenvalues and eigenvectors are
consistent.

It also includes the approximation method of the critical values of ICM

test using estimated eigenvalues.

*Department of Architecture and Design, Kyoto Institute of Technology, Sakyo, Kyoto
606-8585 Japan.



1 Introduction

This article proposes an estimation method for eigenvalues and eigenvectors of
covariance functions. This is an extension of Principal Components Analysis
(PCA) of finite dimensional random vectors to random “functions.”

Over the past few decades, a considerable number of studies have been con-
ducted on functional data analysis in statistics. Some surveys of the field are
given in Ramsey and Silverman (1997) and Ramsey and Daizill (1991).

Such methods might be useful in econometrics. For example, suppose the
ICM test (Bierens and Ploberger 1997) for functional form E[y|z] = Q(6,x).

This test uses the following random function on Z C R*,
1 .
= > (e — Q0 m))exp(§'wy) £ €ECRF,

and the null distribution of the test statistic depends on the eigenvalues of the
covariance function of z,. Thus if we can estimate the eigenvalues, critical values
of the test statistic are easily calculated. See Hitomi (2000) for detail.

In many econometric models, sample covariance functions include estimated
parameters and are defined on R* x R instead of R! x R'. Ramsey and Silver-
man (1997) have used a discrete approximation method for estimating eigenval-
ues and eigenvector of covariance functions on a subset of R x R!. It is difficult,
however, to extend their method to higher dimensions. Dauxois, Pousse and
Romain (1982) have investigated the convergence of estimated eigenvalues and
eigenvectors of sample covariance functions on separable Hilbert space. Their
sample covariance function has not included estimated parameters and they
have proposed no estimation method, however.

This article solves the above problems for applying the functional data analy-
sis to econometric models. It proposes an estimation method of eigenvalues and
eigenvectors from a sample covariance function on a subset of R* x R* which
involves estimated parameters, and proves consistency of estimated eigenvalues
and eigenvectors.

The plan of the paper is the following. Section 2 explains the model and
the estimation method. The consistency of the estimated eigenvalues and eigen-
vectors is proved under high-level assumptions in section 3. As the example,
low-level assumptions for the ICM test are derived in section 3. The last section

is concluding remarks. Some mathematical proofs are included in Appendix.



2 Model and Estimation Method

Suppose that we are interested in eigenvalues and eigenvectors of a continuous
covariance function Tg(£1,&2) on Z x =, where Z is a compact subset of RF,
k > 1. We assume that I'y satisfies

/ﬂm@gMW@M@a<w

where p(€) is a known probability measure on =.
An eigenvalue A and an eigenvector ¥ (§) of I'g(&1,&2) are the solution of

characteristic equation

/m@@%&@@%ﬂwa (1)

Assume that there is a consistent estimator I',, of I'g , which involves an estimate

of unknown parameters 6y € © C RY,
R 1 <& . .
Fn(9a£17£2) = ﬁ;an(athagl)an(07wt7£2)v (2)

where a,(.) : © x RY x E — R! is a function that satisfies |, (6, wy, )|, < 0o
for all (0,w;) € © x R? w, € R%is an i.i.d. random variable and 0 is a consistent
estimator of 6.

We begin by introducing some notation. < f,g > is the inner product in
La(p(€)), ie.

<fﬂ>z/f@ﬂ8@@%

and |||, is L2(u(§)) norm. Let @ : Lo(u(§)) — La2(p(€)) be a bounded linear
operator, we write ®f when we apply operator ® to f € La(pu(€)). Thus T, f
implies

mfz/TM@&Oﬂ&WM&)

||I-||  is the uniform operator norm, i.e.

[@lp = sup [[@f]5.
1711,=1

For notational simplicity, sometime we abbreviate a,, (é,wi, €) by a;(€) or a;.
We estimate eigenvalues and eigenvectors of T, (6, &1, &2). The operator 'y,

maps arbitrary function f(£) € La(p(x)) on a finite dimensional space, which is
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where b, = 1 (at, f). Let H,, be the space that is spanned by {a;(£), az2(€),...,an(§)}.

T n

Let A\, and 9, be a solution of the sample characteristic equation

JTa(0, &1, )n(€0)dp(&r) = Anthn(€) (3)
& Tynton = A Un. (4)
¥y, 18 a linear combination of {a1,as,...,a,} since Tpth, € H,. Therefore we

can express 1, as

Un =) pay(§)
t=1

and put it into (3), we get

n
Lnin = A Z oy
t=1
n
<:> % Z?:l <at5 ¢n> a’t = )\n Z atat
t=1

n
s Y lan Yt asas)ar =AM, Z orat
=1
n
S > Jas{anas)ar =My Zatat.
=1

Comparing the coefficients of a;, we get

n

> ag{ar, as) = Aoy (5)

s=1

Now we define the n x n matrix A such that the (7, j) element of A is (a;, a;),

A= {{ai,a;)}



and the m x 1 vector @ as a = (a1, ..., an)". Then the matrix expression of (5)
is

Aa = \,o. (6)

This implies that an eigenvalue of (3) is an eigenvalue of matrix A and an eigen-
vector of (3) is ¢, = Z?Zl agag, where oy is the t-th element of the eigenvector
of matrix A corresponding A\,,.

We got the following lemma,

Lemma 1. Suppose ||a, (0, w:, )|, < oo for all (0,w;) € © x RY.

The following statements are equivalent,

1. A\ and ¥, is a solution of the characteristic equation
[ a6, 00 du(€) = A ).

2. An is a eigenvalue of A, ¥n, =Y 1, avay(§), where oy is the t-th element

of the corresponding eigenvector of A, and

A = {{ai,a;)}.

3 Consistency

We assume the following two sets of high-level assumptions. An example of

low-level assumptions is discussed in section 4.

Assumption a.s.

1. (uniform convergence) © and Z are compact subset of R? and R* respec-
tively. Let T',,(0,&1,&2) be

D0 (0,61,62) = = 3 an(0, w0, &0)an (6, 0, 2).
t=1

I, (0,&1,&2) converges to a nonrandom continuous function I'(6,&7,&2)
a.s. uniformly on © x 2x =. And T'(0, &1,&2) = To(&1,&2) for all (&1,8&) €

=X =

2. (consistency of §) 0 converges to 6y € O a.s.



Assumption pr

1. (uniform convergence) © and = are compact subset of R? and R* respec-
tively. Let T',,(0,&1,&2) be

D0 (0,61,62) = = 3 an (0, w0, &0)an (6w, ).
t=1

I, (0,&1,&2) converges to a nonrandom continuous function I'(0, &1, &2) in
probability uniformly on © x Z x 2. And I'(6y, &1, &2) = To(&1,&2) for all
(&1,82) €eEXE.

2. (cousistency of é) 6 converges to 6y € © in probability.

The first set of assumptions corresponds to almost sure convergence of the eigen-
values and the eigenvectors and the second set of assumptions corresponds to
convergence in probability.

Let {\;} be the decreasing sequence of the non-null eigenvalues of T'o(&1, &2)
and {t;} be the corresponding sequence of the eigenvectors of I'g(£1,£2), {Ani}
be the decreasing sequence of the non-null eigenvalues of I‘n(é, &1,&2) and {1y tbe
the corresponding sequence of the eigenvectors of Fn(é, &1, &2) and define the set
I; as the following,

Ii = {jlAi = N}, Ll =i

Proposition 2. Suppose Assumption a.s. is satisfied. When \; is of order k;,
there are k; sequences {\,;|j € I;} converging to \; a.s. If Assumption pr is
satisfied instead of Assumption a.s., {\n;|j € I;} converge to \; in probability.

Moreover the convergence is uniform in j.

Proof. First we think the almost sure convergence case.

gug a(0,61,6) fFo(Ehfz)‘
< sup [P ) ~T@.6.6)] + sup [F(0.61.6) ~T(00.61.60)|
< s Pu(f,61,6) ~T(6.60,62)] + sup T(0.61,6) = (00,61,

The first term of the last inequality converges to zero a.s. since I'y,(6,£1,&2)
converges to I'(0,£1,&2) a.s. uniformly on © x E x Z. T'(,&1,&2) is uniformly
continuous because I'(0,£1,&2) is continuous on © X E x = and © X E x E is
a compact set. Thus the second term converges to zero a.s. since 6 — 6y as.
Therefore T, (6, &1, &) — To(&1, &) a.s. uniformly on 2 x =,

Let think the distance between I';, and I'g in the uniform operator norm on



La(u(€)) — La(p(§))-

I = Tl
— swp [Tuf - Tofl,

I f1la=1
< s | (000,68 ~Tu(en0) seanten)|

) 1/2
< |\]§|\ufi1 (/ (/ (Fn(eaﬁl,ﬁ)—Fo(§1,§)> f(fl)dﬂ(§1)> dﬂ(f))
1/2
A 1/2 1/2
< /(( 0.6, - T, 0)f duten)) ([ et )du(é)
) 5 1/2

= s ([[[ra0.0 -t o] duene) 5@,

I F1la=1
< sup [T (0,61,6) ~To(€1,6)]

&1,82

Thus I'), converges to I'g a.s. in the uniform operator norm. The conclusion
follows directly from lemma 5 of Donford and Schwartz (1988, p1091).

The proof of the convergence in probability case is similar. Since I',,(0,&1,&2) —
I'(0,£&1,&2) uniformly on © x = x = in probability and 6 — 6y in probability, then
L, (6,&1,6) — To(&1, &) uniformly on Z x Z in probability. Thus any subse-
quence ny in sequence n contains a further subsequence ny, such that Fnki — Iy
a.s. uniformly on © x = x Z. Therefore Iy, — T'o a.s. in the uniform operator
norm. Then apply lemma 5 of Donford and Schwartz (1988, p1091) to the se-
quence of operator Ly - Therefore for j € I;, Any,j — Ai a.s. This implies for
j € I, Anj — s in probability. O

The following proposition is worth mentioning in passing.

Proposition 3. Soppose Assumption a.s. (Assumption pr)is satisfied. Then
n
Z | Anj] Z [Aj]  a.s. (inpr)
j=1
n
Z s> — Z INj[? a.s.(inpr).
j=1

Proof. Since

Z M| = /ro (,€)d(€)



and

Z NP = // Lo (&1, &2) % dp(6)du(E2),

jilwﬂ —§|Aj - ‘ [ a6 9aute) - [Toteante)

/ T (£,€) — To(6,6)| du(e)

< gsug) IT%(1,62) — To(&1,62) |l

0 a.s.(inpr).

IN

l

Similarly,

i Pongl? — i A2 = \ [Tt erduendne - [[Tute e dueine

- ‘// ((FO — (Do —Ty))? = F%) dp(&1)dp(&a)

IN

) ’ / / To(To — T)dpa(€1)dp(Es)

IA

2 sup [To(€1,62) — T (61,62)| / / Todp(€1)dpu(2)

1,82

+sup [To(€1, &) — Tan(1, &)

§1,82

— 0 a.s.(inpr).

O

Let ¢;(€) and ¢,,;(£) be normalized eigenvectors corresponding to A; and A,;

respectively, thus

Vi (€) Vni(§)

T ‘//(ro = L) ?dp(&r)dp(&2)

$i(§) = AT $nil§) = o and [[$i(§)]| = l[¢ni(€)]| = 1 for all i and n.

[9:()l [¥ni ()l

When the multiplicity of the eigenvalue \; is larger than one, corresponding
normalized eigenvectors are not uniquely determined. Therefore we could not
have a convergence property for each corresponding eigenvector sequence. How-
ever the corresponding eigenspace is unique. Therefore next we think about the
convergence property of the projection operators that maps functions on the
eigenspace corresponding to the eigenvalue ;.

Let P;(&1,&2) = Zkelj or(£1)¢r(£2) be an orthogonal projection operator
that maps La(1(€)) on the eigenspace corresponding to the eigenvalue \;, and



nj(§17£2) Zke[ ¢nk(§1)

ni(€2) be an estimator of P;. Note that the covari-
ance function I'(§1, &2) and T, (é &1,&2) could be decomposed as the followings,

P(é,&) = D> NP6, &)
j=1

[.(0,6,86) = Z AnjPnj(&1, o).

Jj=1

Proposition 4. Suppose Assumption a.s. (Assumption pr) is satisfied. Then

for each j, P,; converges P; a.s. (in probability) in the uniform operator norm.

Proof. From the proof of Proposition 2, I',, converges to I' a.s. (in probability)
in the uniform operator norm. In the proof of Proposition 3 in Dauxois, Pousse
and Romain (1982), they have shown that || P,; — Pj||, — 0if |[I', = T'|| — 0.
We have proved the proposition. O

When the multiplicity of the eigenvalue \; is equal to one, we could talk
about the convergence of eigenvectors. However if ¢;(&) is the normalized eigen-
vector corresponding to A;, —¢; () also satisfies the characteristic equation and
l—9i(¢)|l, = 1. So we need further specification. Choose one of normalized
eigenvector, named ¢} (£), corresponding to \; and choose a sequence of eigen-
vectors ¢y.;(£) corresponding to An; such that {(¢}(), oL (€)) > 0.

Corollary 5. Suppose Assumption a.s. (or Assumption pr) is satisfied and the
multiplicity of the eigenvalue \; is one. Then ¢L.(€) converges to ¢}(€) a.s. (in
probability) on La((£)).

Proof. Since the multiplicity of the eigenvalue \; is 1, P;(£1, &) = ¢1(&1)ok (€2)
and Ppi(&1,€2) = 65,;(€1)¢pi(&2). Then

1P = Pujll

sup

s [ 616 - 6Lt () flendulea)
= H;ﬁgl\\w;i,ﬁ O = (01, 1) i,
> |(bnis 81) b — (01, 01) &1,
- (1—<¢ii,¢3>2)1/

Ly 12 12
<§H¢m‘—¢i”2 (1+ (dni @i >)> > 0.

2

Now 1+ (¢L;,¢}) > 1 by the construction of ¢}; and ||P; — Py;l|,» converges
to zero a.s. (in probability). Therefore ||¢}; — ¢}||, converges to zero a.s. (in
probability). O



4 Example: ICM test

Let w; = (y;,7¢) be a sequence of i.i.d. random variables on R x R%. The ICM

test statistics for testing Ho : yr = Q(x¢, 0p) + ut uses the random function
1 & -
2n(§) = —= > (v — Q(x1,0)) exp(§'®(x)),
Vi

where 6 is the nonlinear least squares estimator of 6y and ®(z) is a bounded

one-to-one function on R* — R?. The test statistics is

Under Assumption A in Bierens (1990), which is also included in Appendix A for
readers’ convenience, z,(§) converges a Gaussian process z(£) with covariance

function

o660 = B [u? (exple o) — bion )4 22050

< (cxplegetrn) - b0 ey a~ 22 )

where b(6o, &) = E[(0/00)Q(x+,00) exp(§' ®(x4))] and

B [GQ(xt,QO) GQ(mt,OO)] |

00 ¢

A natural estimator of T'g(&1,&2) is

U.(0,6,6) = %Z (yt — Q(xhé))Q (eXp(fi@(xt)) B bn(9A7§1)An(9A)_lanZ’9)>

" (exp(fé%t” - bn<é,sz>An<é>lanZ’9)> ,
where
tl6,8) = %Z%exms’@(xt)),

19 ,0) 0 .0
A,(0) = 721 Q(aaz ) Qéﬂ;)t/ ).
=

n

The low level assumptions for the consistency of the estimated eigenvalues and
the eigenvectors are not so restrictive. The following assumptions, which were

used in Bierens (1990) and Bierens and Ploberger (1997) to derive the asymp-



totic distribution of the ICM test, ensure the consistency of the estimated eigen-

values, the projection operators and the eigenvectors.

Assumption ICM
1. Assumption A is satisfied

2. = is a compact subset of R?. The probability measure u(¢) is chosen

absolutely continuous with respect to Lebesgue measure.
Proposition 6. Assumption ICM implies Assumption a.s.
Proof. See Appendix B. a

One application of estimated eigenvalues is to estimate critical values of the ICM
test. Bierens and Ploberger (1997) could not get critical values of their test since
it depends on the distribution of independent variables. They reported only case
independent upper bounds of the critical values. It might be too conservative.
It might be possible to apply Hansen’s bootstrapping method (Hansen 1996),
however it is very time consuming. With the estimated eigenvalues we could
estimate the critical values.

As shown in Bierens and Ploberger (1997), under the null hypothesis the

test statistics 1), converges to

where \;s are the eigenvalues of I'yg and Z;’s are independent standard normal
random variables.
Construct new random variable ¢, based on the estimated eigenvalues as the

following,
qn = Z Anz Z’LQ’
i=1

where \,;’s are the eigenvalues of I',,. The critical values of T}, could be esti-
mated by the critical values of g,. The following theorem justifies the above
method.

Theorem 7. Suppose Assumption ICM is satisfied. Let {\; : j =1,2,...,00}
and {An;  § = 1,2,...,n} be the decreasing sequences of the eigenvalues of
To(&1,&2) and Fn(é,él,ég) respectively and ¢4(t) and ¢q, (t) be the characteristic
function of q and the conditional characteristic function of q, on Fn(é,fl,fg)

respectively. Then
Gq, (t) = dq(t) a.s.

10



Proof. See Appendix B. a

Consider local alternatives to the following form

g(we)
vn

Hy oy = Q(x,00) + + ug, (7)
where g(z) satisfies 0 < E[g(x)?] < .

Under the local alternative (7), z,(§) converges to a Gaussian process with
mean function

0Q(x4,0)

n(§) = E |g(xt) (exp(ﬂ@(xt)) - bn(é,&)An(é)_lT)]

and the covariance function I'o(£1,&2) as shown in Theorem 2 of Bierens and
Ploberger (1997). Under the Assumption A and the local alternative assumpton,
It could be shown that

Vb -0y L N(E[g(xt)aQ],AlE[zaQaQ} A

a0 Y50 o0’

0 — 0y a.s.

I'(0,&1,&2) could be decomposed as the followings,
[n(0,61,82) = % D (e = Qae,0)* wlwe, &1, 0)w(w, &2, 0)
t=1
= 2 e Q) — Qa0 w1, (1, 62.)
w(mta§179)w(mt7§279)

4 Z (us + Q(xt, 00) — Q(x4,0))

t=1

S

=N

w(xtaglv a)w(xt ’ 52’ 9)7

_|_
S|
[

Q.
3|8
e

~
Il
-

where
8@ (l‘t 5 9)

wlar, &1,6) = exp(§ () — ba (0, §1) A (6) " ==

Using the same argument in the proof of Theorem 7, the first term converges
to I'(0,&1,&2) a.s. uniformly on E. The second and the third term converges to
zero a.s. uniformly on Z.

Therefore Fn(é,&,fg) converges to I'g(£1,&2) a.s. uniformly on = under
the local alternative. This implies that we can consistently estimate \;s and

Theorem 7 also holds under the local alternative.

11



5 Concluding Remarks

This paper introduces an estimation method of the eigenvalues and eigenvec-
tors from the sample covariance function, which involves estimated parameters.
Then prove the consistency of the estimated eigenvalues and the eigenvectors.
One drawback of the method is that it needs considerable computation time.
The estimated eigenvalues are the eigenvalues of the n X n matrix A where the

i-j element of A is

/an(é,wuﬁ)an(é,wg‘,f)du@)

In general, it might be difficult to integrate analytically. We need about order
n X n times numerical integration to get A. Therefore some effective numerical
integration method or approximation method are required.

Unsolved problem is the asymptotic distribution of the estimated eigenval-
ues and eigenvectors. Some central limit theorems in Hilbert space might be

applicable. However, this further elaboration is beyond the scope of the present

paper.

12
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A Maintained Assumption for ICM test

The following is Assumption A in Bierens (1990).

Assumption A

1. Let {wy = (ye,x)]i = 1,2,...,n} be a sequence of i.i.d. random variable
on R x R%. Moreover, E[y?] < oco.

2. The parameter space © is a compact and convex subset of R? and Q(x¢, 6)
is for each # € © a Borel measurable real function on R? and for each d-
vector x a twice continuously differentiable real function on ©. Moreover,

Elsupgee Q(z¢,0)] < oo and for i1,i2 = 1,2,... ¢,

9Q(¢,0) 0Q(24,0) |
E

[ 280000

0Q(1,0) 0Q(1,) ]

E — 0))*

[zzg@f Ol O =5, 00, | = ™

62Q($t79)_
e < -

3. El(y: — Q(4,0))?] takes a unique minimum on © at p. Under Hp the

parameter vector 6y is an interior point of ©.

4. A= FE[(0/00)Q(xt,00)(0/00)Q(x¢, )] is nonsingular.

B Mathematical Proofs

Lemma 8. Suppose A (0) and By (0) be random functions on a compact subset
© C RF, and A, (0) and B,(0) converges to nonrandom continuous functions
A(0) and B(0) a.s. uniformly on © respectively. Then A, (0)By(0) converges to
A(0)B(0) a.s. uniformly on ©.

Proof. There are null set N7 and Ny such that for every ¢ > 0 and every
w €N\ (N1 UNy) ,

sup |[A,(w,0) — A(0)| < e and sup |B,(w,0) — B(8)| < e if n > ng(w,e).
0co 0€®

Since A(f) and B(f) are continuous function on a compact set ©, there is M
such that supyce |A(8)] < M and supgeg |B(0)] < M. And for every w €

14



Q \ (N1 U Ng),

sup |An(0) By (0) — A(0) B(0)|

0co
< sup [ 4,(6) — A(O)] sup|B(8)| + sup | Ba(6) — B(6)| sup |A(6)|
0€0 9€6 0€0 0€0
+sup |4, (0) — A(0)] sup | Bn(0) — B(0)|
ESS) €O
< 92Me + &2
if n > no(w, ). Thus supyeg |An(0)Bn(0) — A(0)B(6)| — 0 a.s. O

Theorem 9. (theorem 2.7.5 Bierens 1994) Let X1, Xa,... be a sequence of
i.i.d. random variable in R%. Let f(x,0) be a Borel measurable function con-
tinuous on R% x ©, where © is a compact Borel set in RF, which is continuous
in 0 for each v € R If Elsupgee |f(X;,0)|] < oo, then =37 | f(X;,0) —
E[f(z,0)] a.s. uniformly on ©.

Proof of Proposition 6

Proof. Almost sure convergence of § and Fn(é,fl,fg) — Tg(&1,&2) a.s. point
wisely satisfied under Assumption A using standard argument. So we concen-
trate a.s. uniform convergence of I',,(6,&1,&2).

We could decompose T'y, (6,1, &2) as the followings,

Ca.6.6) = -3 (e~ Q6 exp(€i@(e) expl(Eh®(a)) T
t=1

0,60 400" 32 2D ot gy expeg(en)
~bu(6,62)40(0) 2 S OLED 4 G (a,,0) exp(€] b))
t=1

+bn(97 gl)An (9)711)” (97 52)

Because of lemma 8, it is enough to show that

[(0.61,6) —  El(ye — Qar,0))” exp(€1®(xe)) exp(§38 ()] (8)

a.s. uniformly

neas — 5|2 - guoescam)| o)
a.s_. uniformly
b,(0,) — E Wexp(f'@(xt))] a.s. uniformly (10)
[0Q(1,6) 9Q(1,6) |
Ap(0) — E_ 50 50 }a.s.umformly. (11)

15
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Since = is compact and ®(x) is a bounded function, there exists M such that
for all z, |exp(¢’®(x))| < M. Thus

E

sup |(ye — Q(ar,0))? eXp(ﬁifb(mt))exp(ﬁéfb(ﬂﬂt))w

0,81,62

< MZ%E {sup(yt - Q(xtﬁ))ﬂ
0
< 2M*E[y;] +2ME {sup Q(xt,e)Z]
0
< 00,

by Assumption A.1 and A.2. Therefore (8) is satisfied by Theorem 9.
Similarly,

B su \%@t - Q(xtﬁ))eXP(&’@(xt))H
< ME [sgp ‘W(yt - Q(xu@))H
< (e o) (-]
< 00,

by Assumption A.1 and A.2. (9) is satisfied.

For b,,(6,¢),
B |sup %exp@@(mt))”
0,§
0Q(x,0)
< e e 20550
1/2 97 1/2
9Q(x4,0) | 9Q (x4, 0)
< MElsgpae ] Els%pa(9 ]
< 00,

by Assumption A.2. Therefore (10) is satisfied by Theorem 9. And (11) also
satisfied by Assumption A.2 and Theorem 9.
Then (8)-(11) were all satisfied. Thus by lemma 8, T',,(6,&1,&2) — T'(0, &1, &2)

a.s. uniformly on © x = x Z. We have proved the proposition. O

Proof of Theorem 7
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Proof. The characteristic function of ¢ is

oo
=[] —2ix)"2,
j=1

and the conditional characteristic function of ¢, on I';, is

o0

b, (t) = [ (1 = 2iAn;t) 712,

j=1

where i = v/—1 and A\,; =0 if 7 > n. It is enough to show that

log ¢g,, (t) — log ¢q(t) a.s. (12)
First, we prove that
(oo}
1
—= Z {log(1 — 2iAn;t) + 26 At} — — = Z {log(1 — 2iA;t) + 2iNt}  a.s.
J 1 _7 1
(13)

as n increases. Let decompose the difference between the both side of the above

equation as the following, take a large enough integer r then

I8N . . 1S , .
-3 Z {log(1 = 2iAn;t) + 2iAnit} + 5 > {log(1 — 2iA;t) + 2i\t}

j=1
1 1
= -3 > {log(1 — 2iAn;t) + 2iAnit} + 3 > {log(1 = 2i\jt) + 2iMt} S,
- j=1
1 o0 1 oo
j=r+1 Jj=r+1

= S 4R,

Since Ap; converges to A; by Proposition 2, choosing large enough n we get
|Sr] < e.

On the other hand there is a constant C7 that satisfies

|log(1 — 26At) + 2iAt| < C1A*t2.

17
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Therefore

| Ry |

IA

Cit? i Anj + Cit? i "

Jj=r+1 j=r+1

Cth)‘n(rJrl) Z Anj + C1t* My Z Aj

Jj=1 Jj=1

IA

since A\,; and A; are decreasing sequence. By Proposition 2, A, ; converges to A;
uniformly in j almost surely and Y772, A,; converges to Y72, A; almost surely
by Proposition 2,
lim |R,|=0 a.s.
r—00
Thus (13) is satisfied.
Next, we will show that

1 1 &
-3 Zlog(l — 2idnit) = —5 Zlog(l —2i\jt)  a.s.
j=1 j=1
The left hand side converges to

1o ) 1 ¢ . ) PR
-5 D log(l = 2iAt) = = > {log(1 = 2i,t) + 2idnst} + 5 2it > A

j=1 j=1 =1

1 : : 1, <
- - > {log(1 — 2i\;t) + 2i\t} + 521152 A a.s.
j=1 J=1

by (13) and Proposition 3. On the other hand,

n n

S R : : 1 , . 1.
nlingo—gjz_glog(l—QzAjt) = lim —Ejzl{log(l—21)\jt)+22/\jt}+§22t;)\j

n—oo

1 1. <
= lim {2 > {log(1 — 2iA;t) + 2iXt} § + lim_ 52@1&2 A
j=1 j=1
since the both term in the last equation converge. This implies that

1 — 1 &
-3 > log(1 — 2idnt) — -3 > log(1—2iAt) a.s.
j=1 j=1

We have proved. O
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